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PEE ACE: 


IN preparing this text-book, Colonel Epcar W. Bass, Pro- 
fessor of Mathematics in the U.S. Military Academy, West 
Point, N. Y., has been my collaborator, and tlie requirements 
of that Academy have almost entirely determined the extent 
and detail of treatment. . 

The trigonometric functions are more completely explained 
than usual, each being illustrated and discussed separately. 

The usual chapter on the construction and use of trigono- 
metric tables is omitted from the body of the work, and in- 
corporated with the explanation of the tables. 

The spherical triangle proper is carefully distinguished from 
its corresponding trihedral angle at the centre of the sphere. 

Trigonometries by Chauvenet, Church, Olney, Newcomb, 
Wheeler, Todhunter, Beasley, and Hann have been freely con- 
sulted. 

The method in Newcomb’s Trigonometry for deducing the 
developments of sine + and cosine x have been closely fol- 
lowed. 

Thanks are due to the instructors and students of mathe- 
matics in the U. S. Military Academy during the past three 
years, for many solutions and corrections. 

The demonstration of the 7th principle of right trihedrals, 
peice, is by Wieutenant EH. D, Smith, 19th U. S. Infantry, to 
whom I am also indebted for valuable suggestions. 


Henry H. Lupiow. 
New York Ciry, April 15, 18go. 
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PLANE TRIGONOMETRY. 


CHAPTER. I. 
MEASUREMENT AND ESTIMATION OF ANGLES. 


1. Every triangle is composed of six parts: three angles, and 
three sides. 

Knowing certain parts, the remaining parts may be con 
structed and measured by methods explained in Geometry; but 
owing to instrumental and personal errors, such constructions 
and measurements are not always sufficiently accurate. 

When great precision is desired, the unknown parts are com- 
puted by methods to be explained. 

The computation of the unknown parts of a triangle from a 
sufficient number of known parts is called ¢he solution of the tri- 
angle. 

2. Trigonometry* is that branch of Mathematics which treats 
algebraically : 

first. Of the measurement, and relations, of angles and their 
sides. 

Second, Of the solution of triangles. 


* The word Trigonometry is derived from two Greek words, one signifying 
a triangle, and the other Z measure. Originally it was limited to the solution of 
triangles, but modern Trigonometry is extended as above indicated. More defi- 
nitely speaking, Trigonometry is a subdivision of Geometry, but it is generally 
treated as a separate branch of Mathematics. 
I 
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It is divided into two parts: Plane Trigonometry, which treats 
of plane angles and triangles ; and Spherical Trigonometry, which 
treats of trihedrals and spherical triangles. 


MEASUREMENT OF ANGLES. 


3. An angle is measured by expressing it in terms of some 
angle assumed as the unit of measure. 

In Geometry the right angle is generally taken as the angular 
unit. 

4, The Sexagesimal Division, which is generally used in com- 
putations, consists of degrees, minutes, and seconds. A degree, 
written 1°, is gy of a right angle; a minute, written 1’, is 7, of a 
degree ; and a second, written 1’, is Jy of a minute. 


Fixercises. 


Express in degrees, minutes, and seconds, the interior angle, 
and the angle at the centre subtended by any side, in each of the 
following regular polygons : 


Answers. Answers. 

Triangle. a eco. 120°.| Nonagon, . 140°, 40°. 
Square. oo, go°,| Decagon, . 144°, 267. 
fe} Lo) Le] , ur a 
Pentagon. booe oe Undecagon, eee Ee gos 
Hexagon, 2) -e!2c., 60°. BE MG BYel ites 
9° / tr je °, ° ° 
Pepraces,. 1 tee 34° Dye As: Dodecagon, oe go 
51° 25’ 42’'.857. | Icosagon,: HO? 18°. 

Ocagon, acne 45°. 


The arc of any circumference which subtends 1° is called a 
degree of arc, and is written, 1° of arc. It varies with the radius 
of the circle, and should not be confused with an angle of 1° 
which is constant. In the same or equal circles angles at the 
centre are proportional to the arcs which subtend them, and may 
therefore be compared by means of these arcs, but such is not 
the case, when circles have different radii. 
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The Centesimal Division, which was proposed in France, but not generally 
adopted, consists of grades, minutes, and seconds. A grade, written 1°, is ria 
of aright angle; a minute, written 1, is y$y of a grade; and a second, written 
1°, is yt, of a minute. 


9 


a 106 
go = 100%, .°.. 1 = c 


9 
Therefore any number of degrees multiplied by 4° will give the correspond- 


ing number of grades; and the product of any number of grades by 7, will be 
the equivalent number of degrees. 


v= a and 1°= = 
25) SI 
LEixercises. 
Express in grade measure 120°, 60°, SOmOmcOn iE? ge! 
«  “ degree 15? 72 63 0 93° 85, 187 99 98°. 
oo “cc ‘6 + 78 So* 62, 478 Oo Te “43° 02°. 
‘© «© yight angles 508 92 87 5 We 1190, ioe 


5. The Radian Measure of an angle is the ratio of any circular 
arc subtending the angle to its radius. 
The radian measure of the an- _ 


gle ACB is es or the equal 
ti a 
Tatio a: Cc 


An arc described with any convenient radius may be used, 
since the ratio of any arc subtending an angle to its radius does 
not vary with the radius. [Geometry.] 

The radian measure, usually designated r-measure, contains 
the length of a circular arc, which can be exactly expressed only 
in terms of z. It is, therefore, frequently called the z-measure, or 
circular measure. Since z is an incommensurable number, ap- 
proximately equal to 3.14159265, the r-measure is not suitable for 
practical computations or constructions; but it is generally 
used in discussions and deductions. 
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The unit of r-measure, called a radian, is the angle subtended 
by an arc equal in length to the radius with which it is described. 


B 
Angle 4CB = a radian; 
Are = radius: 
S A 
; ; : arc : arc 
Since angle (in radians) = ———-, we have radius = ——_, 
radius angle 
and arc = radius X angle. 
Lxercises. 


Find, in radians, the angles subtended by arcs of 
Dit yOameiit enim, and 7 mi., respectively, 
at 1 mi. (radius) from the vertex. 


Ans. sis, th 3, 1, 7. 
Find the radii with which ares of 4 ft., 5 mi., and 3 yd. in 
length, respectively, subtend each of the following angles given 
in radians: 


= LB = = 
a= 4) f= 4, yY = 0.15. 


For athe radii are 94 ft., 112 mi, 7s 
Hse POL p oe Orit: A5 mu., 27 yd. 
Bony. oS  PoO At. 33% mi., 20 yd. 


Find the lengths, in feet of arcs, which at distances of 10 ft., 
7 yd., and 4 mi., respectively, subtend each of the following 
angles: 
a=13, P= y = .0035. 


j For athe arcs are 163 ft., 35 ft., 35200 ft. 
ais; < Ons ee 24 it., st ft., 5280 ft. 
For y= 035 1te07 35) 1b, 73.02 {t, 
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6. Zo pass from degrees to radians or the reverse. Since 


x 
180° in radians = ae rig TALS O205 2. <s 
== 0.017453293...., radians; 
180 : 
7 ; 
and y= (=| radians, 
180 


That is, the number of radians in any angle, as , ts equal to the 
re a 
number of degrees tn bh, multiplied by mone and the number of degrees 


180 


in is equal to the number of radians in , multiplied by me 


Exercises in passing from degree to r-measure, and the reverse. 


Show that 1’ = w + 648000 = 0.000004848137 etc. 
I’ = @ + 10800 = 0.000290888209 etc. 
Ue =90-O1 74632025, 
Go =) == 36 = 610872004626. 
15° = 0.2617993878. OF == CLCLE Ny aiie 
[2 =" 612094305103. 1S, == O.3141502654. 
20° = 0.3490658504. 

57° 17" 4477.8 = 1 = §7°.2957795. 


D4 601550) — 02, We 0073305 = 3. 

GO =r = 2 = 157079632: 220 .1Sgllo = 04 
286°.4788975 = 5. 343°.774677 = 6. 

e7Cr == 377 == 2 = 4.712390), 360 = 6.283re5e 


Dee OTAtOu25. 5 37 30° = 0.090817527. 75° = 1,30890604 
— 60°= — (7+3) = — 1.047197551. 
— 210° = — (77+6). — 300° = — (57 + 3). 


GA saan aan 720° =i. 


a o 
6 = 30 = 9.52359877. 


2006 = 
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20% = 62.83185307. 


e = 36° = o.6eena5 


6,6084031 = 38° 17’ 48/7 


[i — 4437 74077 = 200264’, 806,, 


0.403 72 20) ay ase os 


& 1 ° 
0.24685 = 14° 8/ 3777.8. 0.78539816 = me 45°. 10 = 572°.957795 
5 "000! Sg 
4 
— (27 
EES = — 132°.9718346, iio 300°, 
Express in right angles 
a a 
572° 15", a — 243°, = 
Ans. 6.3582, , — 2.7, 1.4. 
Answers, 
Express in radians % right angles 0.4488 
6.063 5 By » « 0,09896 
=o & 3 . 0.471239 
—13 * me » —2,042 


Find the angles in degrees corresponding to the following 


radii and lengths of arcs: 


Given. Reguired, 
agence or a i Angle in 
Radius. Are. Degrees. 
2mi, 80 ft. 0°.43406 
6 ft. gil Ss gi eG 
500 ft. colt eo eG a5 3" 2 
1 yd, Pils peng 95 254"".6 
I mi. Tit 7 160107 
Teta Pit) por ee" Oo 4 


Given, Reguired, 
EEE ———— aes 
Distance or Angle in 
Radius. Are Degrees, 
4 ft. 4 ft. 57°.2957795 
100 ft. Gita. .2 .S0470 
Lyd. 3 yd. 171 8673355 


1 yd. Ditve i 35 20 76 
I mi. Ti yd.97o.32654 
QO Meters 4.2 centimeters: 
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Find the arcs in feet subtending the following angles at the 
distances given: 


Given. Required, Given. Required, 
ee 


Angle. ce Arc in Feet. Err cmD ace. “Arc in Feet, 
60° 6 ft: 6.203 150° me Neral 15.71 
B30" 2 Veena 268° 2 yd. Lo.7i 
1a 2yd. 14.14 18° 2ayd: 1.885 
[ 100 ft. 1.75 es neo fit. 0.02 
I Pies te 0.0048 Ont erccoce ff. 0.484 
6 or | “Noone, Trees 1 82002045600 firoc 
ae ede iesc5co i I mi. 92.1530 
= 3s de 4 we ; 508 in. 1.73 
iz ; — 47 meters. 38.65 m. 
1.3 radians 20 rds, 429.0 4 


Pondmthe distancesat whiclr an arc of 32 feet subtends 32° 


; are 
Since, distance (or radius) = ——_——_____,, 
angle in radians 


On a ae = fe * 
and go = 82 eg radians; 
: aft. 180 
dis, = = = fie 57.29057795 lt: 


Find the distances (radii) in yards, at which the following 
angles will be subtended by the given arcs: 


Given. Reguired. Given, Required, 
i TDistance or > ae a = ~ Distance or 
Angle. Are. Radius in Yds. Angle. Arc, Radius in Yds. 
iy iat. 19.09859 to 1 yd. 3437-75 
ae i shee 5729-579 a7 [ete 63875 4.935 
G30 tao ft. 293.025 Li 2 ft. 38.1966 
30° rmi. 3359-84 270° 1760 yd. 373-5 
AE us 5 
<< 5 ft 3 Sel 4 mi. 1018.0 
Io we) 
8 as ft. 27 Vax 5 in 0 oS 


q2 radians tooo yds. 13.89 2.75 radians 465 ft, ells 


co 
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1. The length of an arc subtending an angle is equal to that of 
its radius. Find the angle in seconds. 

Ans. 206264''.806, which is known as the number of seconds 
in radius. 

2. The length of an arc is 63 ft., and its radius is 150 ft. Find 
the angles which two right lines, tangent, respectively, to the arc 
at its ends, make with each other. 

<4ns. 24°.0639 and 155°.9361. 

3. Assume the earth’s radius to be 3963 mi., and find the length, 

in miles, of 1° of arc on the equator, also 1’ of arc. Ans. 69.167 mi. 
1.053 md: 

4. lf the angle. with vertex at the earth’s centre, subtended 
by the sun’s semi-diameter is 16’ 2’; and the distance from the 
earth’s centre to that of the sun is 92885000 mi., what is the 


sun’s diameter in miles approximately ?* Ans. 866400 mi, 
5. Find approximately the distance at which a man 6 ft. in 
height will subtend an angle of 1°. Ans, 1343-77 ft. 


6. If the angle, with vertex at the sun’s centre, subtended by 
the earth’s radius, assumed equal to 3963 mi., is 8’’.8, what is 
the distance from the earth’s centre to that of the sun approxi- 
mately? Ans. 9288 9000 thi. 

7. The angle which a ship’s course makes with the bearing of a 
light-house is 88°; 12 minutes later the bearing of the light makes 
an angle of 92° with the ship’s course, which remains unchanged. 
If the ship runs 10 knots an hour, what is the distance in miles, 
approximately, from the ship to the light ? + IAT Regs THI, 

8. If the angle, with vertex at the earth’s centre, subtended 
by the moon’s diameter is 31’.12745; and the distance from the 


B 
PlhewanglemaGse— aL A 
(Ci 
At A draw AD perpendicular to 
C4. The error, due io taking 


AD 
cis Cc 
Ci as the measure of ACB, 


will be less than 3’ when CR = 2°, less than 3” when 4CB =1°, 
a a = 30’, less than ggy5) when ACB =1'. 
+ A knot is a geographical mile, i.e., 1 of arc on the earth’s equator. 


is (a3 “c 
6 
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earth’s centre to that of the moon is 237780 mi., how will the 
earth’s volume compare with that of the moon? 
Aus, Earth’s vol. = 49.892 moon’s vol. 
Diameter of moon = 2153 mi, 


EsTIMATION AND SIGNS OF ANGLES. 


7. Any plane angle, as AC#, may be considered as generated 
by the revolution of any convenient 
radius, as CAZ, about the vertex as a 
centre, from one side of the angle to 
the other. The side of the angle 
from which the radius is conceived 
to move is called the zzztia/ side, and 
the other the fiza/ side, of the angle. 
Thus, if CAZ rotates from CA to CB, 
CA is the initial, and CZ the final side of ACZ. 

The order of the letters indicates the sides. Thus ACB in- 
dicates CA as the initial,and BCA indicates C# as the initial 
‘side. 

An angle is estimated from its ¢xzfa/ to its final side. 

One complete revolution of the radius generates an angle of 
360°. When the initial and final sides of an angle coincide, the 
angle is zero or some integral number of complete revolutions. 

If two angles have a common initial side and differ by an 
integral number of complete revolutions, their final sides will 
coincide. 

The outer end, JAZ, of the radius describes a subtending arc, as 
7, or VM, or MN’, or MN”. 

The end of any subtending arc which is on the initial side is 
called its origin, and the end on the final side its ezd. 

There are two directions of rotation, distinguished by the 
signs + and —. Either direction may be assumed as +, the 
other will then be —. 

Unless it is otherwise stated, all angles estimated in the direc- 
tion opposite to that of the hands of aclock will be considered as 
positive. 

All distances, measured on the sides of angles in the direction 
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from the vertex towards an end of the subtending arc, will be 
considered as positive, and those measured in an opposite direc- 
tion, as negative. 

Angles are estimated from the positive side of the initial to 
the positive side of the final side. 

The angle ACS represents any angle positive. or negative 
with CA as the initial and CZ as the final side. 

Representing the positive angle subtended by the arc A7WV 
by a, we have, with positive rotation, 


ACB=a, or a + 360° (z being any positive integer): 
and with negative rotation, 


ACB = -- (360° — a) = a —360°, or a — 2360°. 


B : : 
In order to avoid uncertainty, 


angles will be considered as less 
A than 260°, unless it is otherwise 

indicated; and negative angles 

will be preceded by the sign —. 

Thus, 4CZ& denotes. the positive 

angle a, ACF the positive an- 
gle #, and — ACF the negative angle y. 

It should be distinctly understood that algebraic signs as 
applied to angles ¢udicate direction of rotation only, and do not affect 
values. 30° and — 30° are equal angles estimated in opposite 
directions. 


Lixercises. 


With CA as the initial side and C as the vertex, construct 


Cc A right -lines making the fellowing 
a 


angles: 
28 Gor, als As sa OP Sy ar Ge +15", se; ee ge 
+ 810°, +37, + 382°4, tifx — F377, + 60°, ae 30" 


. R Make similar constructions with 
eh ~—SC—C' ss tile initial side. 

Indicate in which direction positive distances should be laid 
off on each final side constructed. 
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Two arms attached to the same pivot, swing from the same 
position in opposite directions. The one moving in the positive 
direction, makes a complete revolution in 10 hrs., and the other in 
3 hrs. What angle will each have generated when they first 
meet? Ans. + 83°ds, and — 276°14. 

When will they be together at the starting position, and what 
angle will each have generated ? 

8. An angle is said to be in the first, second, third, or fourth 
quadrant according as its final side lies in the first, second, third, 
or fourth of the right angles generated 
successively by the revolution of its 
initial side in a positive direction. 

Thus— 

ACB < go° is in the rst quadrant; 
ACR> 90°, and <180° is inthe 2d quad.; * 


MiGi@ Aso ,and<a250 9" “ 3d 
migra 270, ,and< 760 “ “ a4ph “ 
The sth quadrant is a repetition of the 1st, etc. 
Lexercises, 
In what quadrants are the following angles? 
192°, — 45°, Tee a — 820°, 206264'",806, 
z a | 2 BAe 3 
oe 5 ? 4 ’ in ’ 3 ’ 2 2 
27 ee oe 
3° 3? 3437 «74977. 


9. The Complement of an Angle is the remainder obtained by 
subtracting it from 90°, Thus, the complement of 40° is 50°; that 
of 135° is — 45°; and that of @ is 90° — @, or ee Q, according 

2 


as @ is in degree or r measure. 
The Supplement of an Angle is the remainder obtained by sub- 
tracting it from 180°, Thus, the supplement of 60° is 120°; that 
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of 200° is — 20°; and that of @ is 180° — @, or x — @, depending 
upon whether @ is in degree or r measure. 


Lexercises. 
nee Roaplement. Angle. Supplement. 
30 60 10° 170° 
375° — 285° —s5° 185° 
= 30° 120° 210" —30° 
& é oe 165° — @ 
3 45 = @ 35a 
7 x 200° + @ — 20° @ 
4 4 375° = P= 105 ie 
1 5% —7 20 
5 14 2a 
a me 7 +5 5 5 
= ae 2. Oe a2 
1.57079632 ° 4 4 
2 — 0.42920368 3.14159 + 7 ° 
Pe 3% = 5.34159 -+ 
2 pee ees 47 — 3 
4.71238897 — 7 2 2 


20° + ¢ 7° +o 


TRIGONOMETRIC FUNCTIONS OF AN ANGLE. 13 


CHAPTER 11: 
TRIGONOMETRIC FUNCTIONS OF AN ANGLE. 


10. Any quantity whose value depends upon that of an angle 
is a function of the angle. 

In Trigonometry eight functions of angles are employed, and 
as aclass are called Trigonometrie Functions. 

They are named: sine, cosine, tangent, cotangent, secant, co- 
secant, versed-sine, and coversed-sine; and are abbreviated, respec- 
tively, to sin, cos, tan, cot, sec, cosec, vers or versine, and covers 
or coversine. 

11, Zhe sine of an angle is the ratio to the radius, of the perpen- 
dicular distance of the end of the : 
corresponding subtending are from 5 
the tnitial side, z 

Phuswiet 2.Cb — a be any 
given angle. With any conven- 
fetteradims,.as CO= 7 describe | : A 
a subtending arc OZ; and from 2°” Oe 
the evd of the arc draw “FP perpendicular to the initial side CA. 
Then, sin a = a Any other radius, as Co, with corresponding 


‘ ; P @ ae 
arc and perpendicular give the same result; since zs = ape 
: 0 


In some text-books the sine of an angle is defined to be the length of the 
above perpendicular expressed in terms of the corresponding radius as the unit 


SEA. 
of length; but PZ expressed in terms of # is the ratio er 


It should be observed that the sine of an angle is an abstract number, inde- 
pendent of the radius used; and dependent only upon the angle. 

A radius and corresponding arc are used for convenience only. Some au- 
thorities make use of a right triangle, and define the sine of an angle to be the 
quotient of the opposite side by the hypothenuse 
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12. Algebraic Sign of the Sine of an Angle. Through the ver- 
tex of any given angle, as ACZ, 
draw CZ perpendicular to the ini- 
tial side CA. With any convenient 
radius, as CO = #, describe the 
circum. OOO" O", (OAs thevonm- 
gin or zero point of the arc; O7 is 
the 90° point, O’’ is the 180° point, 
and O’’’ is the 270° point. 


c 


Q 


Distances estimated along per- 
pendiculars to the initial side, in 
the direction of CO’, that is from 
the vertex towards the 90° point, 


are. considered as positive, and 
those in the opposite direction as negative. PZ and P’£’ are 
positive, P’’2""’ and P’’£” are negative. 
The radius is always considered as positive. 


E ae A 
Hence, sin ACB = 5, Sty [6e) ree, 
R R 
aF sh ans vee 
sin ACF = -== . seers = a 


The stnes of all positive angles in the 1st and 2d quadrants are posi 
tive, and of those in the 3d and 4th quadrants are negative. 

13. The sine of any given angle may be determined by con- 
struction and measurement, as follows: With any convenient radius 
describe an arc subtending the angle, and from the end of the are draw 
a perpendicular to the initial side. The quotient of the length of this 
perpendicular, with its proper sign, by that of the radius will be the 
veguired sine, 


For convenience and accuracy, a radius should be assumed which can be 
measured exactly by the scale used. 


The sine of an angle being known, to construct a correspond- 
ing angle. , 


TRIGONOMETRIC FUNCTIONS OF AN ANGLE. 15 


Assume the vertex and tuitial side. With any conventent radtus, 
aud the vertex as a centre, describe acirele. Through the vertex draw 
a@ right line perpendicular to the initial side. Lay off from the vertex 
upon this perpendteular, tn that direction which corresponds with the sigu 
of the given sine, a distance eaual to the product of the radius by the 
given sine. Through the potnt thus determined draw & right line parat- 
fel to the initial side. Through the vertex and each of the two points in 
which this parallel tnterscets the circumference, draw a right line. 
Either will be the final side of a required angle. 

Thus, bavine sin @ = 4, to construct @ Assume € as the 
Menex amtlec.s sasethe Initial Side, 
iMWith va radius CO — 610. describe 
Precincum OO OC —.) Draw O?"'CO’ 
perpendicular to Cd. Lay off CQ 
=4k =.3 in. Draw QE parallel 
to CA. Through C draw the right 
lines CH and CZ’. @ will be either 
men or ACL). 

In a similar manner. having 
sin 6 = — 4, we construct @ by lay- 
ing off CQ, = — §# = —.5 in., and 
find # to be either of the angles ACF or ACH. 

Between 0° and 360°, there are always two, and only two posi- 
tive angles which correspond to each possible sine. 

The sum of the two arcs of the same circumference which 
subtend supplementary angles having the same initial side and 
vertex, is a semi-circumference. It follows that the ends of such 
arcs are always in a right line parallel to the initial Side. 

Hence. ¢he sines of supplementary augles are equal. 

Representing any angle by a, we have 


sin @ = sin (180° — a), sin (90° + a) = sin (90° — @), 


sin (180° + @) = sin (— a), sin (270° — a) = sin (— 90° 4 2). 


If two angles have equal sines it does not follow that they are 
supplementary unless each is less than 180°, for ACF and ACH 
have equal sines and are not supplementary. 
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Designating any angle as /CO’’’. which is equal to O’’CH, 
by 6, we have sin (270° — £) = sin (270° + £). 

14. Variation of the Sine, as the Angle Changes. Conceive thie 

o' final side to revolve from coincidence 
with the initial side, about the vertex 
as a centre, 360° in a positive direc- 
tion. The angle will increase from 0° 
to 360°. 

Since any assumed radius remains 
constant, the sine varies directly with 
the length of the perpendicular in the 

numerator of its measure, 

ow As the angle increases from 0° to 
go’, the perpendicular increases from o to #, hence the sine in- 
creases from o to 1. 

From 90° to 180°, the perpendicular decreases from £& to 0, 
hence the sine decreases from 1 towards o. 

From 180° to 270°, the perpendicular changes its sign from 
plus to minus and decreases from o to — &, hence the sine de- 
creases from o to — I. 

From 270° to 360°, the perpendicular increases from — & to 9, 
hence the sine increases from — 1 towards o. 

15. If the revolution be continued beyond 360°, the end of the 
corresponding subtending are will coincide with that of some 
angle with the same origin less than 360°, and have the same sine. 

Designating the latter angle by a and any integer by 2,we 
have sin (z360° + @) = sine. Hence if an angle is greater than 
360°, subtract 360° as many times as possible and take the sine of 
the remainder; thus, sin 1000° = sin (1000° — 720°) = sin 280° 

Therefore, if an angle continually increases, the sines will 
repeat themselves—varying from 1, the greatest possible value, 
through zero, to — 1, the least possible value. Such a function is 
said to be periodic. 

It should be observed that the perpendicular, and therefore 
the sine, do not, in general, change by equal amounts for equa! 
changes in the angle. The sine changes most rapidly when the 
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angle is passing through o° or 180°, and least rapidly when pass. 
ing through go° or 270° a 

16. Sines of Negative Angles. 
Consider any negative angle with 
an equal positive angle having the 
same initial side, as — ACH and 
mes, or — ACH and ACD, or 
— ACD and ACF, etc. 

It is apparent that in each pair, 
the corresponding perpendiculars, 
Pee and Ph, Pe sand. 2’, 
ie ander, etc, sare equal 
with contrary signs. Hence, designating any angle by @¢, we 
have sin (— ¢) = — sin @. 


Exercises. 


By construction and measurement determine the sine of each 
vf the following angles: 


45°, 3o5 — (10): 57, 5%, 60°, 1655 
FOS, a, —180°, Bon. 18°, —150°, Buse 
—120°, 225), 2167, 240°, —300°, 330, 405°, 
—810°, —1140°, —390°, 9ee 4.) 1200; 10d 7, 
Which is the greater, sin 45° or +4singo°? 
- ss oe sin 30° or 4sin 60°? 
fe e sin 45° or sin 135°? 
as i sin 230° or sin (—50°)? 
id 2, : sin 260° or sin (—80°)? 
s - Simee2o 9 80r Sin 320°? 
i“ : SINMt7O Or sin 370°? 


What positive angles less than 360° have the same sines as 
the following? 


ra ra 7 
50, 140°, 195°, 275.5 6? rt ra 


2 
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As the angle increases, which is changing the more rapidly ? 


Sinise, Of | simzo: ? sin 45° or sin 135°? 
sin 60° or sin 150°? sin 160° or sin 220°? 
sin 70° or sin 290°? sin 190° or sin 350°? 
sin 185° or sin(—5°)? sin 130° or sin 230°? 


Construct both positive angles less than 360° which correspond 
to each of the following sines: 


4, 4, V3, a: a ep —.4, —.27; a 


$ V3, = $ —4 V3. 


17. Zhe cosine of an angle ts the ratio to the radius, of the 
distance from the vertex to the foot of the perpendicular through the 
end of the corresponding subtending 


7 art, to the initial side. 
10! Thus, with radius CO = &, 
CP 
cos ACB = R? 
Cr 
A = = Se 
cos 4CD 7a 
at 
cos ACF = — — 
C att 
cos aCe = a 


Since distances estimated on an initial side, in the direction 
from the vertex towards the origin of any subtending arc are 
considered as positive, and those in the opposite direction as 
negative, the cosines of all positive angles in the rst and qth 
quadrants are positive, and of those in the 2d and 3d quadrants 
are negative. 
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18. Let ACB be a given angle. Through its vertex draw CO’ 
Metrpendicularte C4. With Cas a centre, 
and any convenient radius, as CO = &, 
describe the arc OZO’. Draw £P, £Q 
and O’P,, respectively, perpendicular to 
GAecO and CZ, The triangles C?,0’ 
and CQZ are equal in all their parts; hence 


JEL! = O18 ON 
and 
an LE Jee ee F 
Cog ACE S w= OR = sin AGO, 


BCO’ is the complement of ACB; and since a similar construction 
with azy given angle, as ¢, will give a like result,* we have 
cos @ = sin (90° — @). That is— 

The cosine of any angle is equal to the sine of tts complement. 

The sine and cosine are called complementary functions. 

19. The cosine of any given angle may be determined by 
making a construction similar to that indicated for the sine. Zhe 
quotient of the distance, with tts proper sign, from the vertex to the foot 
of the perpendicular, by the length of the radius will be the required 
cosine, 

The cosine of an angle being given, to construct a correspond- 
ing angle. Assume the vertex and tnitial side, and describe a conven- 
tent circle. From the vertex lay off a distance, in the proper direction 
upon the tnitial side, equal to the product of the radius by the given 
cosine. Lhrough the point thus determined draw a perpendicular to the 
initial side, Through the vertex and each of the two points in which 
this perpendicular intersects the circumference draw a right line. Either 
will be the final side of a required angle. 

Between o° and 360° there are always two positive angles 
which correspond to each possible cosine. 

Since the ends of the subtending arcs of the two angles are 
always in the same perpendicular to the initial side, it follows 


——. — ee 


* Students should make the construction for'an angle in each quadrant. 
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that the sum of the angies 1s always 360°. Hence, denoting any 
angle by @, we have cos @ = cos (360° — 4). 

20. Variation of the Cosine as the Angle Changes. The cosine 
varies directly with the distance from the vertex to the foot of the 
perpendicular above described. 

As the angle increases from 0° to go”, this distance decreases 
from #& to 0; hence the cosine decreases from 1 towards o. 

From go° to 180°, the distance changes its sign from plus to 
minus, and decreases from oo #2; hence the cosine decreases 
from o to — 1. 

From 180° to 270°, the distance increases from —& to 0; hence 
the cosine increases from — 1 towards o, 

From 270° to 360°, the distance changes its sign from minus 
to plus, and increases from o to #; hence the cosine increases 
from o to i. 

If the angle is greater than 360°, we have 


cos (7360° + a) = cosa, 


in which z is any integer, and @ an angle less than 360°. 

The cosine varies from 1 to — 1, most rapidly when the angle 
is passing through go° or 270°, and least rapidly when passing 
through o° or 180°. 

21. Cosines of Negative Angles. With a common initial side, 
equal angles with contrary signs have the ends of corresponding 
subtending arcs in the same perpendicular to the initial side, 
The distances from the vertex to the foot of each will coincide. 
Hence, denoting any angle by @, we have 


cos (— ¢) = cos ¢, 


Lexercises, 


By construction and measurement determine the cosine of 
each of the following angles: 


30, ao 60°, —120°, 1354 —150°, az, 


2 ° ° fo) ° 
$m, —$m, 225°, 300°, —780°, T1400. 
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Show that cos 45° > 4cos 0°, cos 30° > 3 cos 0°, 
cos 60° > $cos 0°, cos 60° > $cos 30°. 


What positive angles less than 360° have the same cosines as 
the following? 


Heme 27, 115, 210, 150, 4%, 290°, —20°, —300°, 
As the angle varies, which changes the more rapidly? 


COs 10° or cos 80°? cos 60° Om COs 210° ? 
cos 100° or cos 290°? cos —70° or cos 110°? 


cos —300° or cos 130°? cos —50° or cos —140°? 


Construct both positive angles less than 360° which correspond 
to-each of the following cosines: 


me Ca ‘ 
= 


2 
» «Ts =? 2 eas as) =) > 9 
2 2 5 

22. The tangent of an angle is tie ratio to the radius, of the 
distance, measured on a tangent line to 
the corresponding circumference at its 
origin, from the origin to the final 
side. 


Thus, with radius CO = &, 


tan 26 = ey 
& 
OS’ 
tan ACD = — ae 
(OS 
tan ACF = pie 
tit 
tan ACH = — a 


RP 


The tangents of all positive angles in the 1st and 3d quadrants 
are positive, and in the 2d and 4th, negative. 
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23. The tangent of any given angle may be determined as 
follows: At the origin of any subtending arc draw a tangent ue. 
The quotient of the distance with its proper sign, from the origin to the 
point where this tangent line tutersects the final side, by the length of 
the radius will be the required tangent. 

The tangent of an angle being known, to construct a corre- 
sponding angle. 

Assume the vertex, tnttial side, and describe as before a couventent 
circle, At the origin of the ave draw ea tangent line to it. Lay off 
upon tt, frou the origin, c distance equal to the product of the radius by 
the given tangent; the Girection depending upon the sign of the tangent. 
Through the point thus determined, and the vertex, draw a right line; 
tt will be the final side of a required angle. 

The portion of this line beyond the vertex will also be a final 
side of another angle having the same tangent. : 

Between o° and 360° there are always two positive angles 
which correspond to each tangent. 

Since the ends of the subtending arcs of these two angles are 
always in the same right line through the vertex, it follows that 
they differ by 180°. Hence, denoting any angle by ¢, we have 


tan @ = tan (180° + @). 


24. Variation of the Tangent as the Angle Changes. The tan- 
gent varies directly with the distance from the origin of the sub- 
tending arc, to the point where the final side intersects the tangent 
line to the arc at the origin. 

As the angle increases from o° to 90°, this distance increases 
from o to + o &; hence the tangent increases from o towards + o. 

From go° to 180°, the distance changes its sign from plus to 
minus, and increases from — o #& to 0; hence the tangent in- 
creases from — o towards o. 

From 180° to 270°, the distance changes its sign from minus to 
plus, and increases from 0 to + o &; hence the tangent increases 
from o towards -++ o. 

From 270° to 360°, the distance changes its sign from plus to 
minus, and increases from — o #& to 0; hence the tangent in- 
creases from — o towards o, 
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If the angle is greater than 360°, we have 
tan (7360° + a) = tan a. 


The tangent varies from o to — o, most rapidly when the 
angle is passing through go° or 270°, and least rapidly when pass- 
ing through o° or 180°. 

25. Tangents of Negative Angles. With the same initial side, 
the final sides of equal angles with opposite signs intersect the 
tangent at the origin of any subtending arc at equal distances 


from the origin, but on opposite sides, Hence, denoting any 
angle by @, we have 


tan (— ¢) = — tan @. 


fLixercises, 


By construction and measurement determine the tangent of 
each of the following angles: 


30°; 45° om 60°, 120°, 135° es 150°, 

om a zz id 5% 4% 

a” 5” 12 10” ae an 
225°, 36eq — 315°, — 765°, I140°. 


Show that 2 tan 30°< tan 60°, 


What positive angles less than 360° have the same tangents as 
the following? 


10°, 5o; Tg, rar 26 290°, a Boor, — 330 


As the angle varies, which is changing the more rapidly? 


tan 27° ortan 28°? tan6o°ortan120°? tan 75° ortami1e 


tan 170° or tan — 10°? tan 55° or tan 230°? tan — 200° or tan15°? 


Construct both positive angles less than 360° which correspond 
te each of the following tangents: 


oa 


I 
-4, 1, =; ss 1.5, 2 ae Win ca Se. oe 
» 4 V3 Wo 5 > 335 V3 V3 
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26. The cotangent of az angle ts the ratio to the radius, of the 
distance, caeasured on a tangent line to the corresponding circumference, 
at the “90° potat,’from that point to the final side. 

Thus, with radius CO = &, 


m' o' m7 O'm 


cot ACB = 


O'm! 


O'm 
cot ACH = > 


O! «n? 
f 


cot 4CH = — 


The cotangents of all positive angles in the 1st and 3d quad- 
rants are positive, and of all in the 2d and 4th are negative. 

27. Let 4CB be a given angle, and O’ a “go° point.” 

At # and O’ draw the tangents ZV and 
O’im respectively. 

The triangles CO’m and CZV are equal in 
all their parts: hence 


Vv 


{ 

| 

1 

d 

EVY=O'm, and cot aes =tan SCY, 

l 

! 

BCV is the complement of ACB; and since} 

a similar construction with any given angle, ¢ 
as ¢, will give a like result, we have 


cot @ = tan (go° — g). That is— 


The cotangent of any angle is equal to the tangent of tts complement. 

The tangent and cotangent are complementary functions. 

28, The cotangent of any given angle may be determined by 
making a construction similar to that indicated for the tangent, 
exccpt that the 90° point must be used instead of the origin. 

An angle corresponding to a given cotangent may be con- 
structed in a manner similar to that described for a given tangent, 
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substituting the go° point for the origin, and the cotangent for 
the tangent. 

Between o° and 360° there are always two positive angles which 
correspond to each cotangent; and since the ends of the subtending 
arcs of these angles are always in the same right line through the 
vertex, it follows that they differ by 180°, Hence, denoting any 
angle by ¢, we have cot @ = cot (180° + ¢). 

29. Variation of the Cotangent as the Angle Changes. The co- 
tangent varies directly with the distance from the go° point to the 
point of intersection of the final side with the tangent line at the 
g0o° point. As the angle increases from 0° to go’, this distance 
decreases from o # to o; hence the cotangent decreases from 
co towards o. 

From go° to 180°, the distance changes its sign from plus to 
minus, and decreases from o to— o #; hence the cotangent de- 
creases from 0 towards — o. 

From 180° to 270°, the distance changes its sign from minus to 
plus, and decreases from o & to 0; hence the cotangent decreases 
from o towards o. 

From 270° to 360° the distance changes its sign from plus to 
minus, and decreases from o to — o #; hence the cotangent de- 
creases from o towards — o. 

If the angle is greater than 360°, we have cot (7360° + a) 
— COta, 

The cotangent varies from o to — o,most rapidly when the 
angle is passing through o° or 180°, and least rapidly when passing 
through 90° or 270°, 

20. Cotangents of Negative Angles. With a common initial side, 
the final sides, of equal angles with contrary signs, intersect the 
tangent at the go° point, at equal distances from that point, but 
on opposite sides. Hence, denoting any angle by ¢, we have 


cot (— ¢) = — cot ¢. 
Lxercises. 


By construction and measurement determine the cotangent of 


each of the following angles: 
° 


Eee e002, 120, 2257, — 380 cor. 
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What positive angles less than 360° have the same cotangents 
as the following? 


4 2 
° ° 
oO ye 120 7 240, So, — 300°, — 18° 


Construct both positive angles, less than 360°, which corre- 
spond to each of the following cotangents: 


2 
; V3 3° eae V3) = V3, 2. 


31, Zhe secant of an angle ts the ratio to the radius, of the distance, 
measured on the final side, from the vertex to the tangent line to the cor- 
n responding subtending arc at its origin, 
Thus, with radius CO = &, 


77] 


Secw.c f= = 

sec ACD = — = 
sec ACF = — 7 
Seat C7) = a 


Since distances on the final side 
of an angle are positive when measured in the direction from the 
vertex towards the end of the subtending arc, and negative in the 
opposite direction; the secants of all positive angles in the rst and 
4th quadrants are positive, and of all in the 2d and 3d quadrants 
are negative. 

32. The secant of any given angle may be determined as follows: 

At the origin of any subtending arc draw a tangent line tott. The 
guotient of the distance, with tts proper sign, from the vertex to the tnter= 
section of the final side with the tangent line by the length of the radius, 
will be the required secant, 
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The secant of an angle being known, to construct a corre- 
sponding angle. 

Assume the vertex and inttial side, and describe a convenient circle, 

At the origin of the arc draw @ tangent line. Multiply the given 
secant by the radius, and with the product as anew radius, and the vertex 
as a centre, describe an are cutting the tangent line, in general, tn two 
points. Through each of these two points and the vertex draw a right 
line. Four positive angles, one in each quadrant, will thus be formed 
having the assumed initial side. The angle in the ist quadrant or that 
in the 4th quadrant will be the one required if the given secant ts positive; 
otherwise the one in the 2d and the one in the 3d will correspond to the 
given secant. 

Two angles, each less than 360°, correspond to each possible 
secant. 

Since the ends of the subtending arcs of these two angles are 
always in the same perpendicular to the initial side, it follows 
that the sum of the angles is always 360°. Hence, denoting any 
angle by @, we have 


sec @ = sec (360° — ¢). 


33, Variation of the Secant as the Angle Changes. The secant 
varies directly with the distance, on the final side, from the vertex 
to the tangent line at the origin. As the angle increases from 0° 
to go°, this ‘distance increases from 2 to oo #; hence the secant in- 
creases from 1 to-++ o. 

From 90° to 180°, the distance changes its sign from plus to 
minus, and increases from — o & to — &; hence the secant in- 
creases from — oto — 1. 

From 180° to 270°, the distance decreases from — & to — o #3 
hence the secant decreases from — 1 towards — o. 

From 270° to 360°, the distance changes its sign from minus to 
plus, and decreases from o & to &; hence the secant decreases 
from o tor. 

If the angle is greater than 360°, we have sec (360° + a) 
= sec a, 

The secant varies from 1 to », and from —1to— o. It has 
no value between 1 and — 1. 
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It varies most rapidly when the angle is passing through 90° 
and 270°, and least rapidly when passing through o° and 180°, 

c4, Secants of Negative Angles. With the same initial side, the 
final sides, of equal angles with contrary signs, intersect the tan- 
gent at the origin of any subtending arcs at equal distances from 
the vertex. These distances are both positive when the angles are 
between o° and + go°, and both negative when the angles are 
between + 90° and + 270% Hence 


sec (— @) =sec @. 


Lexercises, 


By construction and measurement determine the secant of 
each of the following angles: 


Lo) ° ° ° ° Oo 
3° » 45> —6o7; 120 , 1355 15°, iz, £2, 
—47r 
=*, 225°, —300°, —780°, L225 
Show that sec 140° = See 220 , Sec 00° = sec zoe 


What positive angles less than 360° have the same secants as 
the following? . 


° ° 
1 105°, 260, 335); ae, —190, —325. 
As the angle varies, which is changing the more rapidly? 
sec 25° or sec 30°? sec —140° or sec 150°? sec 100° or sec —300°? 


Construct both positive angles less than 360° which corre- 
spond to each of the following secants : 


PE Vz, 2, ~—1, —¥V2, — 
3 
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35. Zhe cosecant of an angle ts the ratio to the radius, of the 
distance measured on the final side from the vertex to the tangent line 


to the corresponding circumference at tts 90° point. 
Thus, with radius CO = 2, 


cosec ACB = ip 
cosec ACD = ae 
cosec 4C/ = — = 
cosec ACH = — ou 


The cosecants of all positive angles in the 1st and 2d quad- 

rants are positive, and of all in the 3d and 4th are negative. 
36. Let 4CB be a given angle, and O’ a go° point. At &and 
O’ draw the tangents ZV and Om respec- 


Vv 

tively. The triangles CO’m and CEV are 
equal in all their parts; hence Cw = CV, and 
s m cosec ACB = sec BCV. BCV is the com- 


plement of ACS; and since a similar con- 
struction with any angle, as @, will give a 
like result, we have 


cosec @ = sec (go° — ). That is— 


The cosecant of any angle ts equal to the secant of its complement. 

The secant and cosecant are complementary functions. 

3%. The cosecant of any given angle may be determined by 
making a construction similar to that indicated for the secant, 
except that the go° point must be used instead of its origin. 

An angle corresponding to a given cosecant may be con- 
structed in a manner similar to that described for a given secant, 
substituting the go° point for the origin, and the cosecant for the 
secant. 

Between o° and 360° there are always two positive angles 
which correspond to each possible cosecant. One is in the first, 
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quadrant, and the other is its supplement if the given cosecant is 
positive. One is in the third and the other in the fourth quadrant, 
but not supplementary, if the cosecant is negative. 

38. Variation of the Cosecant as the Angle Changes. The co- 
setant varies directly with the distance from the vertex to the 
intersection of the final side with the tangent line at the go° 
point. 

As the angle increases from 0° to go’, this distance decreases 
from » & to #; hence the cosecant decreases from‘ to 1. 

From go° to 180°, the distance increases from & to oR; hence 
the cosecant increases from 1 towards oc. 

From 180° to 270°, the distance changes its sign from plus to 
minus, and increases from — o & to — &; hence the cosecant in- 
creases from — o to —1., 

From 270° to 360° the distance decreases from — Rk to— of, 
hence the cosecant decreases from — 1 towards — o., 

If the angle is greater than 360°, we have 


cosec (7360° + a) = cosec a. 


The cosecant varies from o to 1, and from — 1 to — o, and 
cannot have a value between 1 and — 1. 

It varies most rapidly when the angle is passing through 0° 
and 180°, and least rapidly when passing through go° and 270°. 

39.. Cosecants of Negative Angles. With a common initial side, 
the final sides of equal angles with contrary signs intersect the 
tangent at the 90° point at equal distances from the vertex, but 
these distances always have contrary signs. Hence, denoting any 
angle by ¢, we have 


cosec (— @) = — cosec ¢. 


fixercises. 


By construction and measurement determine the cosecant of 
each of the following angles : 


gon, —45°, Gon ar, 120°, 240°, 300°, EA 


TRIGONOMETRIC FUNCTIONS OF AN ANGLE, 31 


What positive angles, less than 360°, have the same cosecants 
as the following? 


a a a 1 _ 
to, = 1/55 6 ae 135; aes Ge 4 405. 


Construct both positive angles, less than 360°, which corre- 
spond to éach of the following cosecants : 


2, V2, ut, 3: —1.5; —2, <a — a V2. 
¥3 
40. Zhe versed-sine of ax angle ts the ratio to the radius, of the 
distance of the origin of the corresponding sublending arc from the foot 
of the perpendicular, through the end 
of the arc, to the initial stde. 
Aims CO = ZF, 


IAG) 
Vers 402 = - 
(Poe) 
Versa C = 7 
ee LO 
Vers 407) = yaa 
PO 


vers JCH = a aa 


Distances estimated along the initial side in the direction CO 
are positive. The versed-sine of any positive angle is therefore 
positive. 

41. The versed-sine of any given angle may be determined by 
making a construction similar to that indicated for the sine, Zhe 
guotient of the distance from the foot of the corresponding perpen- 
dicular to the origin of the arc, by the length of the radius, will be the 
required versed-sine. 

The versed-sine of an angle being given, to construct a corre- 
sponding angle. 

Assume the vertex and initial side, and describe a convenient circle. 
From the origin lay off upon the initial side, in a negative adtrection, 
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@ distance cgual to the product of the radius by the given versize. 
Through the point thus determined draw a perpendigular to the tiutiel 
side. Through the vertex and cach of the two points tn whith this peso 
pendicular intersects the circumference draw a@ right line; etther.will be 
the final side of an angle having the given versine, 

Between o° and 360° there are always two positive angles 
which correspond to each possible versine, Since the ends of the 
subtending arcs of the two angles are always in the same perpen- 
dicular to the initial side, it follows that the sum of the angles is. 
always 360°. Hence, denoting any angle by @, we have 


vers @ = vers (360° — ¢) 


42, Variation of the Versine as the Angle Changes. The versine 
varies directly with the distance from the foot of the perpen- 
dicular above described to the origin of the subtending anes 

As the angle increases from 0° to 180°, this distance increases 
from o to 2; hence the versine increases from 0 to 2 

From 180° to 360°, the distance decreases from 2 towards 0; 
hence the versine decreases from 2 towards o. 

If the angle is greater than 360°, we have 


vers (7360° + a) = vers @. 


2 is the greatest possible value for a versine. 

The versine changes most rapidly when the angle is passing 
through go° and 270°, and least rapidly when passing through o° 
and 180°, 

43. Versines of Negative Angles, From the definition and figure 
it is evident that the versine of a negative angle is the same as 


the versine of an equal positive angle; that is. 


vers (— @) = vers &. 


Exercises. 


By construction and measurement find the versine of each of 
the following angles: 

% 5 8 ° 

30°, — 60°, — 120°, sr 240°, 330°, 495» ~930. 


5 
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Construct both positive angles which correspond to each of 
the following versines ; 


4, i, 4, 1.2, $, T.§, §, 1.9. 


44. The coversed-sine of an angle is the ratio to the radius, of the 
distance of the go° point from a right line through the end of the corre- 
sponding subtending arc, parallel to the initial side, 

Thus, with radius CO = &, 


covers ACB = -—— 

covers 4CD = =, 
a 

covers ACF = a 


‘4 
covers ACH = sl, 


Since the distances QO’, 0,0’, Q,,0’, etc., are always measured 
towards the go° point, they are positive, and the coversed-sine of 
any positive angle is therefore positive. 

45. Let ACB bea given angle. Draw O’?, perpendicular to 
CB, The triangles CP,O’ and CQE are 
eqial, and CQO = G7 hence 7, £ = OO" 

and versed-sine BCO’= coversed-sine ACB, 

. BCO’ is the complement of ACB; and since 

— . a similar construction with any given 

| eae 4 angle, as ¢, will give a like result, we have 
< P covers @ = vers (90° — @). That is— 

The coversed-sine of any angle ts equal to the versed-sine of tts com- 
plement. 

The versed-sine and coversed-sine are complementary func- 
tions. 

46. The coversed-sine of any given angle may be determined 
by making a construction similar to that indicated for finding the 
versed-sine, except that in place of a perpendicular to the initial 


3 


oO! 
t 
i 

i) 

1 ‘ 
AN) 
i) 

! 

’ 

4 
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side, a right line parallel to it is drawn through the end of the 
subtending arc. Zhe guotient of the distance of the go° point from the 
parallel line by the length of the radtus will be the required coversed-sine. 

An angle corresponding to a given coversed-sine may be con- 
structed in a manner similar to that described for a given versed- 
sine, except that the go° point must be used instead of the origin, 
the right line through the assumed vertex and go° point, in place 
of the initial side, and the coversed-sine instead of the versed-sine. 

Between o° and 360° there are always two positive angles 
which correspond to each possible coversed-sine. : 

47. Variation of the Coversed-sine as the Angle Changes. The 
coversine varies directly with the distance of the go° point from 
the right line through end of arc, parallel to initial side. 

As the angle increases from o° to go°, this distance decreases 
from # too; hence the coversine decreases from 1 towards 0, 

From go° to 270°, the distance increases from o to 22; hence 
the coversine increases from o to 2. 

From 270° to 360°, the distance decreases from 2 to &; hence 
the coversine decreases from 2 to ft. 

2 is the greatest possible value for a coversine. 

If the angle is greater than 360°, we have 


covers (360° + a) = covers a, 

The coversine changes most rapidly when the angle is pass- 
ing through o° and 180°, and least rapidly when passing through 
go° and 270°. 

48. Coversines of Negative Angles. From tlhe definition and 


figure it may be shown that the coversine of a negative angle is 
equal to 2 minus the coversine of an equal positive angle; that is— 


covers (— @) = 2 — covers @ = 1 + sin @. 


Lxercises, 
By construction and measurement find the coversine of each 
of the following angles: 


° ° x) 
30°, — 45°, — 60°, 27, — ym, 135°, — 240°, 300. 315. 
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Construct both positive angles less than 360°, which corre- 
spond to each of the following coversines : 


ee Cz ese 2, 1.8, V3. 


49. The following table contains the values of the trigono- 
metric functions of the angles 0°, 90°, 180°, 270°, 360°, and indi- 
cates the manner of the variation of each function as the angle 
increases. 

The double sign indicates a change from the upper to the 
lower as the angle increases. < denotes increasing, and > de- 
creasing algebraically. 


by Angles BF" | 0° 


~ Functions 


SHO a ere ae 6) 

Cosine... Se 

Pane@ent. 5... 7 - oO 

@oiaucent.. 5. : =o | > | + 3 

(S42 ola ae + 1 | 

Wocecant. oe... 2265 || Ss | 

Versed-sine.... hee | 
| 


Coversed-sine..| + 1 > [+o] <]+: <j+e 


It should be observed that the tangent always increases, and 
the cotangent always decreases as the angle increases; also that 
each function, except versine and coversine, passes through all its 
possible numerical values in each quadrant separately. 
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50. Inverse Functions, Angles and their trigonometric func- 
tions are mutually dependent. Each function varies with the 
angle, and an angle varies with each function. 

Angles are expressed in terms of their functions; thus an angle 
whose sine is y is written sin“y. sin @ = y and @ = sin7'y are 
equivalent expressions. Similarly,we have cos“'y, tany, cotan~y, 
sec” y, cosec™y, vers“? y and covers“'y, Angles thus expressed are 
called ¢uzerse trigonometric functions. 

The methods for constructing inverse functions (angles) from 
given functions have been explained. In case an angle is given 
in terms of a function of a function, as sin (cos 30°); determine 
the cos 30°, and then construct the angle whose sine is equal to 
the resulting number. 


Lxercises. 


Construct both positive angles less than 360°, in each case 
given as follows: 


sin 4, cost 7, sin7(cos 30°), cos7?(sin 30°), sin7'(sin 30°), 


tan“ (sin 45°), cot7(cos 60°), tan“(tan—-15°), cot (tan—405°), 


x a 
sec! (cos 60°), cosec™ (tan =I sec? (tan ‘\, cosec™! (cot 45°), 


a 
vers~? (cos “\, covers” (tan 60°), vers“ (covers -- 69°). 
4 


covers (sec 45°). 
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CHAPTER III. 
ELEMENTARY RELATIONS OF TRIGONOMETRIC FUNCTIONS. 


51. Denote any angle, as ACM, by 
@, and with any radius, as CA = &, 
describe a subtending arc, as 4M. 
At 4 draw the tangent 47; and from 
M \et fall ACP perpendicular to CA, 

The right triangle CPM gives 


PM CP Ct’ -_ ‘ 
ae (OF Sn @+cos*P@=1.. . (1)* 
Also, 


=> = Sr or vers@=1—cos¢d.. . (2) 


Substituting iS _ $) for @ in (2), we have 


vers & _ ) = I — cos (= _ 4), or covers @=1—sin gd. (3) 


The similar triangles CPAZ and CAT give 


Ger CA | AT 


Pop tir i_E or cos @: sin@:: 1: tan @. 


ue oh os ee 


cos @ 


Hence, tan d = 


* Sin? @, cos? @, etc., indicate the sguare of the sine, cosine, etc., of @; and 
are read ‘‘sine squared @,” etc. 
Equations printed in this type should be remembered. 
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Substituting (z _ ¢) for @ in (4), we have 


cot d = in ¢) (5) 
Multiplying (4) and (5), member by member, we have 
tangeoot@=1....... =. (6) 


The triangles CPM and CAT also give 


CP Ci, WCAmme 7 


> * pe u ee ae? Or cos @: 1:1: sec g. 


i 


Hence sec rea) = cos p : (7) 
Substituting ( — ¢) for @ in (7), we have 
cosec @ = d (8) 
~ gin pb” 


From the right triangle C4 7 we have 
=) a AT 
—— — or sec’? d@=—1-+tan’¢d;. . (9) 


whence we obtain cosec’? @=1-+4 cot? dd . ... . . (10) 


By applying the foregoing deductions to the following igure 
the generality of the formulas will become apparent. 
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Formulas (3), (5), (8) and (10) may be deduced directly from 
a figure by drawing lines which correspond to the functions which 
enter them. Let the student do so. 

It should be observed (6) that the /angent and cotangent of any 
angle are reciprocals of each other; also the secant and cosine (7); 
and the cosecant and sine (8). 

The foregoing formulas are of frequent use, and are arranged 
for convenient reference in 


Tapie B, 
ee ee unde gat... (6) 
en. G | ome Oo 
tang = Ree (4) cosec @ = Ts. . . (8) 
reais 1. i) | mem gartene. Ge) 


52. Zo express any trigonometric function in terns of any other of 
the same angle. 

If one of the above formulas contains the required and given 
functions only, solve with respect to the required function 

Thus, to express sin @ in terms of cos @, from (1), 


sin @ = + V1 — cos’ @. 


If none contain these two functions only, select a group of in- 
dependent formulas containing beside these two functions, one or 
more auxiliary ones. There should be one more equation than 
there are auxiliary functions, Combine and eliminate all the aux- 
iliary functions, and solve the resulting equation with respect to 
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the required function. Thus, to express vers @ in terms of 
covers @, take (1), (2) and (3) with the two auxiliary functions 
sin @ and cos @ Eliminating these by substitution, we have 


(1— vers @)* + (1 — covers ¢)? = 1; 


. vers @ = 1 + Vcovers @ (2 — covers ¢), 


Exercises. 


i. Given sin @ = 4, find cos @ and covers @¢. 


Ans. cooeg@=tVi = +3473, covers @ = t. 


2. Given vers @ = 1.5, find cos @ and sec ¢. 
Ans. cos @ = —4, secg= +22. 
3. Given tan 0 = 1, find sin 9 and cos 9. 


Ans. sin 8 = + ¥$, cos 0 = + ¥4. 


4. Given cot A = 4, show that 


ba 8. sec d = + Vio = 3.162 — , 
cosec 4 = +4Vi10, cos4 = + V7 = 0.3162 4, 
sin d = + 3 V4, vers 4 = 1 F V5 = 0.6938 or 1.3162, 


covers A = 1 F 3 V5 = 0.0514 or 1.9486, 
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5. Express sin @ separately in terms of each of the other 
trigonometric functions. 

6. Same for cos @. 

7. Same for tan @. 

53. Chord and Height of Arc. Let @ = ACB be any angle less 
than 180°. Produce the arc at O, making DO 
equal to the intercepted arc OAZ, Draw CD 
and DAZ. The radius CO bisects the arc DOM 
and is perpendicular to the chord DAZ. 


DOM = 2p and nie == or, 


‘ PAL 
sin 60) = os 
Hence 
: 4D $ chord of 2@R 
ND Sie on ae fee ter) 
That is— 


The sine of any angle less than 180° is egual to the ratio of half the 
chord of twice the subtending arc to the corresponding radius. 


Mius chord for 66 = AK sin 30° == = ~. 
Lxamples. 
1. Given chord for 90° = R ¥2, find sin 45°. 


, find sin 18°, 


=RARVe 
2. Given chord for 36° = a 
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To find the chord of any arc, put 0 for 2@in (11) and reduce. 
giving ; 
enord tor 0 = 2A sin40ne ean Ure) 


But arc DOM = R98; hence 


chord of arc RY = 2A sin 40. 


That is— 

The chord of any are ts equal to twice the product of the radius by the 
sine of half the angle at the centre. 

To construct an angle knowing the 
sine of half the angle. Assume the 
initial side, and with a radius CA =R 
= 5 units of scale, describe an arc, as 
AM, With a radius equal to the 
product of the given sine by ro, and 
with 4 as a centre, describe an arc cutting the first arc at some 
point AZ, ACAL will be the required angle. 


Lxamples, 


1, Given sin It = oo, Construciase 
2. Given sin 24° 50’ = 0.42, construct 49° 40’. 


To find the height of any arc above its chord (see figure), we 
have 


PO = height of arc RY from chord DM. 
But PO = R vers 9, and go = 49. 


PO = KF versio ae ee ee to) 
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That is— 

The height of any are ts equal to the product of the radius by the 
versed-sine of half the angle at the centre. 

54 Values of the functions of 30°, 45°, 60° and 18°. 

Since chord of 60° = &, (11) gives 


SiegOe— We et. Gta) 
Hence 


CogGOm— ee ew et (8) 


In the right triangle ACT, if angle 
AG fe == 46° 


AT=CA=R and tan45°=1. . (16) 


From (14), (15) and (16), the values 3 
of all the trigonometric functions of 30°, 45°, 60° are computed 
and arranged for reference in 


TABLE C, 
| 
Funciions (¥"| sin | cos vers covers tan | cot | sec |cosec 
Angles | 
26” 5 5 4h Y3]1 —4 43 4 13 V3 273] 2 
NE ic 5 ee 42/4 Walt ~4V2i1 —$ V2] 1 | 1 | V2 | V2 
SS oy dee 4731 4 4 1-43) 73 [8 V3 2 243 


Let the student verify the values in Table C, also the fol- 
lowing: 


a © Vo 
sin 18° = Sis a cos 18° = 4/ SANS 
4 
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tan 18° = 4/1 — 2 V5, cot 18° = 4/542 V5. 


sec 18° = 4/2 — 245. cosec 18° =1 + V5, 


55. Reduction to First Revolution. Negative angles, and posi- 
tive angles of more than one revolution, may be reduced to the 
first revolution by the arbitrary addition or subtraction of a suit- 
able {number of complete revolutions. This will not alter the 
trigonometric functions, since the position of each side of the 
angle is the same after as before tlie change. Thus, 


sin (— 500°) = sin [— 500° + 720°] = sin 220°, 
cos (400°) = cos [400° — 360°] = cos 40°, 


tan (— z) = tan [— w + 2a] = tan z, 
sd 7 a 
vers (2) = Vers E — an | = vers —, 
2 2 2 
cosec (— 1) = cosec [— 1 ++ 6.2832] = cosec 5.2832. 


Lxamples, 


Reduce to the first revolution the following trigonometric 
functions: 


sin 1091°, — 30°, — 2; 
: 2 
a 
Cos 500°, — 250°, Le 
+ 
tan #074 15 25°, hse 
70 
cot — 1590° 21” 377", - ca 


SCCh—-10.2622, Wigs 


covers — 3; 14.5964. 
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56. Reduction to First Quadrant. If @ denotes any positive 
angle less than 90°, we may express angles 


from) go fo 160° by 180° — @, 
from 180° to 270° by 180° + ¢, 
from 270° to 360° by 360° — @. 
Let ¢ = ACM, (es Slee. 
180° + @= ACM" and 360° —~ d6= ACM’, 


With any radius R draw the circumference OALAL’M"M'"’. 


Diaw AGP, AVP’, MUP and AP 
each perpendicular to Cd. 
Since ACM’ = 180° — @, 


M'CB = 6 = ACM. 


Hence, the right triangles CPAZ 
and CP’M’ are equal in all their 
parts, and regarding the signs of the 
lines, we have 


PM’ — Pat 4 Gi aes 
ae eer 
giving sin (180° — ¢) = sin @, cos (180° — ¢) = — cos @. 


In like manner, we have 


Pia  — PM _, CP! _— CP. 


i Ee ae ue 


giving sin (180° +. d) = — sin g,” cos (180° -++ ¢) = — cos ©. 
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Al Ea = Se nd ce 
rs a a 
giving sin (360° — @) = — sin @, cos (360° — ) = cos @. 


Substituting in above 90° — @, which is positive and less than 
& 9 Pp 
90°, for @, we have 


sin (90° + @) 


cos ¢, cos (go° + ) = — sin ¢;] 
sin (270° — @) = —cos@, cos(270°— @) = — sin G; 
sin (270° + ¢) = —cos@, cos (270°-++ @) = sin ©. 
The expressions for sin (180° — ¢) and cos (180° — @) sub- 


stituted in the formulas for tangent, cotangent, secant, cosecant, 
versed-sine and coversed-sine, Table B, give 


tan (180° — ¢) = 2. = — tan ¢, 

cot (180° — ¢@) = =e = — cot ¢, 

sec (180° — ¢) = Sar = — sec g, 
cosec (180° — ¢) = ae =" COSee 


vers (180° — @) = 1 — (— cos d) = 2 — [1—cos d] = 2 — vers g, 
covers (180° — ¢) = 1 — sin @ = covers ¢. 
In like manner, we may find expressions for the functions of 


(180° + ¢), (360° — ), (90° + @), (270° — ) and (270° + @) in 


terms of those of @. 
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The results are arranged in 


TABLE D, 


QUAD- 
RANTS. 


Fourth 


al 


Second 


Fourth Second | Third 


Third 
| 


mee SS ee 


| | 


2 
= dAngles| 180°— P| 180°-+ 360°— @ | 90° + @ | 270° ~ @ | 270° + @ 


SIN ec ae - sin @ — sind — sin @ cos @ —cos 6 |—cos@ 
OOK ooode — cos @ — cos @ cos — sin — sin d sin @ 
Cats. ecters — tan @ tan @ —tan @ — cot d cot @ |.— cot d 
GO rae — cot @ cot @ — cot @ — tan @ tan @ | —tan @ 
SSE oovood = SE @ = SRE sec @ |— cosec @ |— cosec @ | cosec @ 
cosec....| cosec @ | — cosec @ | —cosec @ sec @ — sec @ | —sec 
WEIBooces 2—vers ~, 2 — vers @ vers @|2—covers @|2—covers @| covers g 
covers...} covers @2—covers g@i2—covers Pm vers @| 2 — vers @j2—vers @ 


This table contains expressions by which the functions of all 
angles from go° to 360° may be reduced to the first quadrant, i.e. 
expressed in terms of those of a positive angle less than go”, 

The first column contains the functions to be reduced, and the 


expression for each function is opposite to it in the column of 
the given angle. 

This table, or any part of it, may be easily rewritten by observ- 
ing that the functions in the columns which relate to 180° or 360° 
have the same names as those in the first column; and that the 
functions in the columns of angles which relate to 90° or 270° 
have complementary names. Thus— 


tan (180° + ¢) = tan @, covers (360° — @) = 2 — covers 4, 
sin (go° + ¢) =cos @, cosec (270° + @) = —sec ¢@. 


The student will readily give the proper algebraic sign to any 
function by noting the quadrant of the angle. 


Thus, vers (180° — @) = 2 — vers d 
sec (180° — @) = — sec @ 
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The angle 180° — @ being in the second quadrant, its versed-sine 
is greater than unity, and its secant negative. 

Let it be required to reduce to the first quadrant sin 115° and 
EAmIo5 


sineni5 —sim(oo + 25 ) = cosas. 
otherwise, sin 115° = sin (180° — 65°) = sin 65°. 

fangs stan 180 = 15) = tang = 
or, taintos, =1tan (270 — 75 )= cot 75" = tang 


It may be necessary to reduce tuo the first revolution, and then 
to the first quadrant. Thus— 


cos 410° = cos (410° — 360°) = cos 50° = sin 40°; 
vers 520° = vers 160° = vers (180° — 20°) = 2 — vers 20° = 2 — covers 70°; 


cot (— 10°) = cot (— 10° + 360°) = cot (360° — 10°) = — cot 10° = — tan 80°; 
sin (— 135°) = sin 225° = sin (180° + 45°) = — sin 45° = — cos 45°. 
Lixercises. 


Reduce to the first quadrant in two ways each of the following 
trigonometric functions: 


sin 110°, 240°, 290°, — 75°; 
cos 115°, ae 205, 30 5 
tan 125. 2A5 Boom, 750°3 
cot 120°, 2205, 320°, — 750°} 
Sec 135, 210°, Bac eee s4. 
cosec 130°, 205°, 310°, — 962°; 
vers 140°, aces 395, 9320; 
covers 150° Oban srs, 694°; 


Sime 350) aly sane 
cot — 420° 45% 32/7: 
SEC 550 57 co 


Computers usually prefer the method which gives the frac- 
tional part of a degree the same after as before reduction, 

57. Functions of Negative Augles in Terms of those of Equal 
Positive Angles. Let @ be any positive angle. It has been shown 
that 


sin (— @)=—sin ¢, and cos (— ¢) ae P, 
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which expressions are identical with those already deduced for 
sin (360° — #) and cos (360° — @), and if substituted in (4), (5), 
(7), (8), (2) and (3), will give the expressions arranged under 
(360° — @) in Table D.* This agreement should exist since — @ 
when reduced to the first revolution is (7360° — $), x being a 
suitable positive integer. 

Functions of negative angles are frequently reduced to the 
first quadrant by passing to those of their numerically equal posi- 
tive angles, and then reducing. Thus— 


tan (— 163°) = — tan 163°= — tan (90°+ 73°) =cot 73° = tan 17°; 

feO5s( 275) = cus 275 — Ccos(27e 4-5 )— sins = cos 85 ; 

sec (— 190°) = nec 190° =sec (180° 10°) = — sec 10°= —cosec 80°. 
Lxamples. 


Express the following functions of negative angles in terms 
of those of numerically equal-positive angles, and then reduce to 
the first quadrant: 


1. sin (— 240°). Ans. — sin 240° = sin 60° = cos 30°. 


2. covers (— 280°). 
Ans. 2 — covers 280° = vers 10° = covers 80°. 


3. tan(— 550°). Ans. — tan 550° = —tan 10° = — cot 80°, 
1 4 ra 

4. COS is a Ans. cos Soe cos —. 
Ps 2 fe 

5. cosec (— 2). Ans, — cosec 2 = — sec (0.4292) 


= — cosec (1.1416). 


58. The methods of reduction to the first quadrant may be re- 
versed to find such angles as have a specified function given in 


* Since @ is of unlimited value in this discussion, the results agreeing with 
those in one column of Table D establish the general truth of that column, The 
general truth of the other columns may also be proved. 


4 
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terms of the same or the complementary function of an angle in 
the first quadrant. 

Thus, if sin @ = — cos 20°, @ must be in the third or fourth 
quadrant since its sine is negative; and since the functions are 
complementary the question must relate to go° or 270° 


Hence, P=270 — 20 = 250 01 208 


Other values may be found by the arbitrary addition or sub- 
traction of integral multiples of 360°. 


Examples. 

Find all positive values of @< 360°: 

1, When sin ¢ = sin 10°. Ans. 10° and 170°. 
2, When cos @= - sin 20°. Mis 11s and 250. 
3. When cot ¢ = — cot 40°. Ans, 140° and 320°, 
4. When sec @ = sec 75°. Ans, 75 and 235. 
5. When sin ¢ = — 3. Ans, 210° and 330°. 
6. When cos @= f. us) 60 aNd secon 
7, When tan @= — 1. Ans. (a5 andlor = 
8 Vers @ = vers a4 @ Ans. 34° and 326°. 
g. vers @ = 2 — covers 40°. Ans 130° and’ege : 


10. tan 3@ = tan 45°. In this example we have for 3@ the 
positive values 45°, 225° [45° + 360°], [225° + 360°], etc. In order 
to obtain all positive values of @ less than 360°, all positive values 
of 3@ less than 3 X 360° must be separately divided by 3, giving 
Tee 2 1g5 7 295 5 255,515 

isin — sin 15 . Ans. 74°, 824°, 187$°, 2624°. 

Te) couse = — tam 75. As 55 115 py 235 2 295 4 355 = 

To) covers 2@ = 2 — Covers 10. —Ans.95 9175 «275, 355 - 

14. cos 2 = }. 

is, tanns@) — — 1. 

16. Given sin 30° = 3, find the sine and cosine of each angle 
less than 360, which is an integral multiple of 30°. 

17. If the sine and cosine of 0°, 10°, 20°, 30° and 40° are 
Enown, show how to find the sine and cosine of every angle less 
than 360°, which is an integral multiple of ele 
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59. The radian measure of any acute angle ts greater than its sine, 
and less than tts tangent. Let @ be any 


acute angle,as ACT. From C asacen- My |T 
tre, with CA = X, drawathe imtercepted 
arc Alf. Draw AT tangent to it at 
A, and meeting CAf at 7. From Jf rn 


let fall the perpendicular MP on CA. © 


Then sector CAA < triangle CAT; 
or, tk X arc AM <4ER XK AT. 
emacs arc AIL < AT. 


But AZP is the shortest distance from CA to AZ. Hence— 


ae are AA 2 Zehd 
R R Je 
or, Ste i) <a ail) es) 
60. Unity is the limit of the ratio of an ungle to its sine, of an angle 
to its tangent, and of the tangent to the sine, as the angle approaches zero. 


tan @ 0) tan @ I 
F re have — : ; : = : 
rom (17) we have ae ne ar Sr. put SNM CoS 
Limit [tan @) ak I | _ _ iimit{” @ - 
~—-olLsin fd] d>olLcos fd} sey goLsin A} — a 
: : : tan @ 
Since, ae is always between unity and Sno 
rs) sin @ limit [sin @ 
Also, ———— ——_ |} = 1. 
a tan or tan ¢’ aug p—>o E | i 
limit p 
Hence ——- | =1. 
: po E ~ ; 
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CHAPTER IV. 
FUNCTIONS OF TWO OR MORE ANGLES. 


61, Sine of the Sum of Two Angles. Leta = ACB, and Bf = BCM., 
Then a+ 6 = ACM. From C as a centre, 
with CA = #, draw the arc ABM. Draw 
PM and VM perpendicular to CA and CBZ, 
respectively. Through V draw PP’ perpca- 
dicular, and ZW parallel, to CA. 

Taking C/V as an auxiliary radius, we have 


: = Dy d _ (Gey 
sina = Cy? an COS @ = Gar: 
We also have 
NM CN 


sin f = —, cos § = —,, 


and sin (a+ == =i — 
PL PINE NRG. ‘AOE 

Ki eC meee or 

LM LIM Nia 

R” NM’ R°* 


The triangle AZM has its sides, respectively, perpendicular is 
TEL OF aa 


those of CP’N. Hence they are similar, and Wit = CA 


= COS &, 


LA : 
Hence, Rp = 00s @ sin B. 
L 
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Substituti f fe d all the foregoing expressions, we 
ubDstituting tor al an R going p ; 
have 

sin(a+ 6) =sinacosf-+cosasinf.. . . (28) 


The generality of this formula is made apparent by applying 
the foregoing deduction to the following figures: 


NVM is positive when JZ is to the left of CB, as in all these 
figures except Fig. 4. 
To verify the relations, 


eV PCr: 
le ay ee CN? 


when CW is negative. Take an auxiliary point JV’, so that Cl’ 
= — CN (Fig. 2). Then 


54 rLANE TRIGONOMETRY. 


pry _ py py 
Sec 


CN = 20 oe Ce 
ee” _ — CLmOe 
nv 2a ao 


62. Functions of (a + f). Since (28) is true for all values of 
a and f, we may replace 6 by — £, giving 
sin (a — 8) = sin a cos (— #)+ cos a@ sin (— f). 
But sin (— 6) = —sin ®B, and cos (— f)=cos £. 
Hence, 
sin (a — #) = sinacosf —cosasin f;. . . (29) 
in which putting 90° — @ for a, we have 
sin (go° — a — £) = cos acos f — sin a sin f, 
or cos (« + #) = cosacos 6 —sinasinf#;. . . (30) 


in which putting — # for f, gives 


cos (a — £) = cosacos 6 + sina sin 7. ee) 
From (28) and (29) we have 
sin(a +t #) =sinacosf+cosasinf#.. , (32) 


From (30) and (31),- 
cos(a + 6) =cosacosf F sinasinf.. . . (33) 
tani (@ + 2), cot (a2) secu @-_yicosce (a 6). vers 
(a + #) and covers (@ + f) may be expressed in terms of sin 


(a + £) and cos (a + f), and then by (32) and (33) expressed in 
terms of functions of aand 6. Thus— 


sin(a+ #)_ tana + tan f 
cos(a +f” 1 F tana tan fs 


tan (@ + f) = (34) 


cos(a+ f) cetacot f F1 


ead Fe) sin (a + 6) cot f + cota’ 
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Given. 

I. SiN 30° = 0.50, 
COS 30 = 0.57) 
Sin 45 == 10071 
COSi45° = Ie. 7 1h 


Ba aime: 
Bango = oge, 
Caneds «== 1.00) 
McGt30 == 1.73, 
€Ot 45 = 1.06, 
GCemtai a) =, tan 
Oe cot x -= 3, | 
cot y = 2, j 


The student shoul 


7. cos (45° + @) = sin (45° = ¢) = 


Cmca s) et) — 


63. Functions of 


Lxamples. 


Required. 


Sin r5 , 510 75. 


COS Uspees 7/5 . 


fanl15 tan 75". 

Comma cot ys . 

ae tan (x + y), tan (x — 3). 
cot (x + y), cot (« — 7). 


d verify the formulas. 


cos @ = sin 
V2 , 


i ae (lil a8 
i) 22 ae 


the sum or difference of any number of 


angles may be expressed in terms of the functions of those angles 
by the successive application of the preceding formulas. Thus— 


or 


sin (a+ 6+ 7) 


sin(a+f+y7) 


=sin(a+[f+y}]) 

=sinacos (6+ y)+ cos asin(f+y) 
=cos f cosy | sina-+sin Sf cos y | cosa 
—sin # sin y + cos #sin y 


= cos a cos # sin y-++ cos asin # cos y 
+ sin acos PB cos y—sina@sin # sin y. 
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Let the student verify the following formulas: 


cos (a+ 6+ y)=cos acos f cos y—cos asin # sin y 


— sin acos @sin y —sin asin fcos y. 


tan@-+tan 6+ tan y —tan atan @ tan y 
t = - = aaa see 
Seat iaie) I— tan@tan # —tana@tany—tanftany 


64. Functions of za. Making # = a@ in (28) and (30), we have 


Sli 2Q— 29SimearcOs a... ee Ss) 
cos 2a = cos a — sin @ . . . aaemtGg) 
or by (1), 
COs 2ai— 1 — 2 sit w@ =. . . . 5 wae 
and COS 209 COs’ &—1. . (39) 
Similarly from (34) and (35), using the upper sign, 
2tana@ 
tanz~= sre os = Ss 2 HO) 
I1—tan’a 
cot? a—I 
COL 2a — ae my ee « ae (GE) 
2 cota 
or cot 2@=tcota—ttanm .. . (42) 
From (2) we have 
vers 2@ = I — cos 2a = 1 —[1 — 2 sin’ a], 
or 
VElS 20 — 2 Sie eee er 5) 
In like manner, 
covers 2@ = 1 — 2 sin a cos @ = 2sin’4(90° — 2a), 


I 
sec 2@ 


cos’ a — sin’? a’ 


I 
cosec 2a@ = —~————— = 4sec a cosec a, 
2sina@acos@ 
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Lxamples, 
Given. Requtrea. 

I. SUM 13 e=—"o9250) 
COS 15 . == 01000, 
2. Sin 75 = 1070008 I 
€OS 75 = O125041| 


eee 0 ° 
sin 30°, COS 30. 


sin 150°, COS 150°, 


3. tail 15 = or2cs, tan 30°, 
Aveta 75 == 5.702. tam iso . 
5: COl aS = saree Cot Zo . 
6. tan «74, tan 2x. 
ge tani) == ee tan 2y. 


65. Functions of = Pat 8 = 2@ in (38), giving, after transpos- 
ing, 
eae 
2 sin = =1— cos 8, Oe ee eae 


and 


sin = Fe Pee ash 


In like manner, from (39), 


2)COSs = ol -5cos 1) ee oe.) (40) 


nv | 


and 


cos 


nl@ 


=) Sa ee) 


These values in (4) and (5) give 


v 1 — cos 0 
tan> = 2) = a. a> co nS) 


cot = = ae «eo ieee Ado} 


i — cos v 
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=v and Eon hen @ fae eneewenane 
In (29) puta = Vand f= 5 then er 
sin z == sin v COS nee cos 9 sin o 
2 2 2 
vie 8 ae 
Divide by cos . and reduce by (4), giving 
tan w = sin 0 — cos ee: 
2 2 
9 sin 0 


. tan-= 


2 I fs cos =. ° ' ° ° ° e ° ca ° . (50) 


In like manner, from (31) we have 
oe = cos 0 a + sin 9 sin a 
Zz 2 2 
: 8 
1 = cos 0 + sin 8 tan a 


. tan- = ——-—=—- > we we oe SE) 


(48) may also be found from (50) or (51) by reduction. Thus 
from (50), 


0 + V71—cos?8 _ 1—cos' 9 1 — cos 0 
oe 1+cosd ee en 


Additional expressions for cot : may be found by taking the 
reciprocals of (50) and (51). 
; 9 8 8 ‘ 
Expressions for vers 3 covers =, sec = and cosec > are little 


used. They may be easily found from (45) and (47). Thus, 
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0 : eee? 
vers == 1 — cos 2 =1 ¥ 
2 


9 2 — vers 0 
vers- = 1 FY —__—__-——., 


In like manner, 


or 


a 4/ tt cos 8 1-+ cos 0 sec 0 4+ 1’ 
2 
ome a 2 4. 2 sec 0 
Os _-_ = = ry 
1—cos 9 sec 0 —1 
Lixamples. 
Given. Required. 

I. sin 45° = V4 = cos 45°, sin 224°, cos 224°. 
Pecau4s eT ==nCot 45 | tan‘224°, cot 224°, 
3. sec 45° = V2, sec 224°, cosec 224°, 
4. sin 30° = 4, functions of 15°, 
Eesinso =, functions of 75°. 


Prove the following relations: 
6. sin (45° + 2) = Vif cod £ Vi cos). 
7. cos (45° + °\ = (Vip cosd F Vx — cos 8). 


; : 8 
8: vers 0 = sin 0 tan a 
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_Vi+cos9 + V1 —cos9 
¥1 + cos 0 F V1 —cos9 


_ixsind cosd 
~ cos8 1 Fsind 


10, sin? (45° + =) = $(1 + sin 9). 


It. cos’ (45° ze =) = 3(1 = sin 9). 


Pa: 1+ sind 
12, tan 45 ee) ae 


66. Functions of Multiple Angles in General, Put B=(n—1)a 
in (32), (33), (34) and (35), using the upper sign; then 


a-+ B= na, 
and 


sin z@ = sin a cos (™ — 1) a+ cosasin(z— 1) a. (52) 
cos va = cosa cos (w — 1) a — sin asin (x — 1) a. (53) 


tan t _ a 
tape ce, ot asia Ce ler 
I—tana@tan(z—1)a@ 


cot acot(7™—1)a@—1 


cot 7a = 
cot(z— 1)a+ cota 


(55) 


By making 2 = 2, x = 3, etc., in succession, expressions for 
these functions of 2a, 3a, etc., may be successively found in terms 
of those of a: Thus— 


sin 2a@ = 2sin acos @. 


cos 2a@ = cos’ a — sin’ a = 2 cos’ a — }. 
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tan 2@ 


cot 2a@ 


sin 3@ 


cos 3a 


tan 3@ 


cot 3a 


sin 4@ 


COS 4@ 


tan 4a@ 


cot 4@ 


II 


2tana 
1 — tan 2 


cova —tI 


2cota@ 


sin a@ cos 2a + cos @ sin 2@ 
3sin @ cos’ @ — sin’ a= 3sin@— 4sIin' a. 


cOS @ cos 2a — sin @ Sin 2a 
cos’ a — 3sin’ wcos @= 4cos’ a — 3cos a. 


tan a + tan2a@ 


I —tan@tan2a@ 
3 tan a — tana 


a 2 


cot@cotza—1  cot*’a — 3cota 
cot2za@+cota@ 3cot?a—1 


sin @ cos 3@ + cos @ Sin 3@ 
4 sin acos*'a— 4sin*’acosa 
4 sin a cos a — 8 sin*acos a. 


cos €cos 3a — sinasin3 a 
cos’ a — 6 sin? a cos’ a + sin’ a 
8 cos'a — 8cos? a +1, 


tan a + tan 3a 

I — tan @ tan 3a@ 
4tana@ — 4tan’a@ 
1— 6 tan’ @ + tan’ a’ 


cot a cot 3@ —1 
col3a@ —- col @ 
cota —6cota+1 


4cota —4cocta 


oT 
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Exercises. 
Given. Reguired. 
Sines == 0.087, Pe 15°, sin 20°. 
Cos 5. = 0,906, cos 15°, cos 20°, 


lam ="0:087, tan 15, tame. 
Ol s = 11,430, cot 15, Ccolece 


67. Sum and Difference of Like Functions of Two Angles. From 
(32) and (33), by addition and subtraction, we have 


sin (a + £) + sin(@ — £8) =2sinacosf.. . . (56) 
sin (@ $+ f) — sin (a — B) =2cosasinB.. . . (57) 
cos(a — f) + cos(a+f)=2cosacosf (58) 
cos (a — f) — cos(a+ f)=2sinasinf.. . (59) 


Put 9 = a+ £,and @ = (a — f);°then a = 4(8 + @), and 
8B = 4(9 — 9¢), giving 


sin 0 + sin @ = 2 sin 3(9 + ¢) cos $(9 — ).. . (60) 
sin 8 — sin d = 2 cos $(O + ) sin 4(8 — G).. . (6r) 
cos @ + cos 8 = 2 cosi(d + g) cos }(8 — ).. . (62) 
cos @ — cos © = 2 sin 4(9 + @) sin 1/9 —¢).. (63) 


In (32) put 9 and @ for @ and #, and interchange the members, 
giving 
sin cos @ + cos¥sing=sin(9+¢) =». . (a! 


Divide by cos @ cos , and reduce by (4), giving 


sin (9 + ¢) 


‘tan 8 + tang= PES iC. 


(64) 
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Divide both members of (a) by sin 0 sin ¢, and reduce by (s), 
giving 
sin (0 + ¢) 
ot CCl WU) S34 =e a ee 6 
gh Gl Se sin U sin ea) 

8 

In these equations the operations indicated in the second 
member are convenient for logarithmic computation. Similar 
equations may be found for versed-sine, coversed-sine, secant and 
cosecant. 

Let the student verify the following relations: 


1. vers 0 — vers @ = 2 sin $(0 + @) sin 4 (9 — A). 
2. covers @ — covers § = 2 cos $ (9 + ¢) sin $ (9 — ¢). 


tand + tan @ _ sin (9 + @) 


Pay tan @ sin (9 — op) 


4. sin? § — sin’? @ = (sin 0 + sin #)(sin 0 — sin @) 
= sin (0 + ¢) sin (8 — ). 


2 a 2 =, sin (8 ae ~) sin (9 = P) 
ae eS eee 
ae oq _. sin (0 + ) sin (9 — ) 
6. cot? d cory = Tr eee crore rs 0 san ye 


68. From (60) and (61), by division, we have 


sinD+ sing _ 2sin4(8+ ) cos}(9 — g) _ tan}(9+¢) 66 
sin ® — sing 2cosd(9+ ¢)sink(9 — ¢)  tan3(9— @)’ co 


Wine 1— 


The sum of the sines of any two angles ts to the difference of their 
sines as the tangent of half the sum of the angles ts to the tangent of 
half their difference.- 
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Similarly from (60), (61), (62), (63) and (36), after replacing 2a 
by (08 + ¢) or (8 — ¢), we have 


sin¥-+ sind _ 2 sin}(9 + ¢) cos 3(9 — ¢) 
cos8 + cos@  2c0s 4(9 + ) cos (9 ~#¢) 


= tan 4(0 + @). eee G7) 


Sit eel 2 COs $(0 4 P) Sim (Uae) 


cos0 -+cos@ 2 cos 4(9 + ¢) cos #9 — ¢) 
= tan (0 — 4). «ee eee) 


cos@—cos9 _ 2sin (9 + ) sin i(9 — ¢) 
cos@ +cosG  2cos 4(9 + ~) cos 1(9 — op) 
= tan 34(0+ ¢) tani(9 — d). . . (69) 


sin 0 + sin@ _ 2 sin 3(0 + @) cos}(9 — 9) 
sin(® +) ~— 2sin4(8 + ) cosi(9 + ¢) 

cos 1(0 — @) 

cos $(9 + 9)" 


(70) 


sin 8 — sing _ 2 cos $(9 + ¢) sin 4(9 — ¢) 


sin (9 — ~)  2sin4(9'— ¢) cos 4(9 — ¢) 
see - ae meee OG 50) 


cos (9 — #)" 


Comparing (70) and (71), we have 


sinO0+sing _ sin (9 — @) r 
sin (O + ¢) ~ sin 9 — sing ek = = (72) 


That is: Zhe sum of the sines of any two angles is to the sine of 
their sum as the sine of their difference ts to the difference of their sines. 


~ 
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CRA ea. 
TRIGONOMETRIC DEVELOPMENTS. 


69. Zo develop sin x, and cos x into a series arranged according 
to the ascending powers of x. 

Since sin (— x) = —sin «x, every term in the development of 
sin x must change its sign with x, and the development can con- 
tain only odd powers of x. 

Since cos (— x) = cos x, no term in the development of cos x 
can change its sign with x, and the development can contain only 
even powers of x. 

Vet 


ite ee ee ee ete.) a) 
cosx=4,+4,°+ 40° + Ayx’+ete; . . . (6) 


in which x is the radian measure of any angle, and 4,, 4,, 4,, A,, 
etc., are independent of x and are to be determined. 
To find A,, divide both members of (a) bv x, giving 


Siig) Be 


as A, + 4A,0° + A,x* + ete; 


in which, as x approaches o, the first member approaches unity as 
a limit, and the second member 4,. Hence 


* Chapters V. and VI. may be omitted by students desiring a shorter course, 
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To find the remaining coefficients, substitute for A, and 4 
their values, and put (« + y) for x in (@) and (4), giving 


0) 


sin (%-13) = (+3) + 4,(@-+9) + 4,(2 +9)" + teas 
cos (e+) = 1+ A,(e-+3)' + A,(e +y)' + ete; 


or, arranging with reference to y, 


x + Ax* + Ax + ete. 
sin («+ y) = 4 + 39(1+34,2°+ 54,x'+74,x°+ etc.) 2 enc 
+ 9°(34,x + etc.) + ete. 


r++ 4, + Ax‘ + A,x* + ete. 
cos («+ y) = 4 +9(24,% + 44,x° + 6A,x° + etc.) < o hay 
+ y" (etc.) + ete. 


But by (32) and (33), we have 


sin (x + y) = sin x cos y + cos x sin y, 
cos (« + y) = cos x cos y — sin x sin y; 


or, developing the factors by (a) and (4) with 4,=1, and 4, = 1, 
we have 
sin (« + y) = (4 + 4,2° + 4,x° + etc.) (1 + 4,9’ + etc.) 
4 (1+ Ay? + Aye + etc.)(y + A,y’ + ete): 
cos (x -+ y) = (1 + 4,2" + A,x* + etc.) (1 + 4,9’ + ete.) 
— (2 + Ax? + Aye’ + etc.)(y + 4,y* + ete.); 
or, arranging with reference to 4, 
x + Ax’ + A,x* + etc. 
sin(a+y)= 4 y+ 4,2°4+ 4° 4+ Aye’ ftetc)}, . . (2) 
+ 4,7 (etc.) + ete. 
1+ 4,°+A,x<‘ + ete. 


cos (x+y) = 4 —7(x + 40° + Ay + Ax’'+ etc) }.. . (7) 
+ A,y’ (etc.) + etc 
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Comparing the second members of (¢) and (e), we have, by 
equating the coefficients of y, 


1434.84 54.0'+74 2° + cto. =1+ 4,74 4,2'+ 4yx*+ ete. (g) 
In like manner, from (@) and (/), we have 
24.1 + 44,x° + 64,x°+4+ ete. = — x — A,x* — A,x® — ete. (4) 
By the principle of indeterminate coefficients we have, from (g), 
ad, = 4,, 54,=A, Vilas A CLC. 
and from (4), 
24,=—-—1, 44,=—-A,, 64,=—A, ete. 


Hence we have, in succession, 


A= =-, Y eee ae ree 
2 3 2.3 3: 
A I A 
A= —— = 3 A= =-: 
sik ss 
A I A I 
4,=-—_=>---5, Aj=> “$= --=: 
ae TRIE 
etc., etc. 


These values, with those of 4, and A, in (a) and (4), give 


Sie ee etc kk (73) 
3s is 
x? x! 6 

OS SS nie mig matt : - (74) 


in which x is expressed tn radians, 


To show that (73) and (74) are always convergent, divide the 
(z + 1)th term of (73).by the wth term, giving 


(— t)*xe"-+1 ; (— Wie vt. — 


|2z +1 : ; |-7 —1 2n(27 Bea 


which diminishes as # increases. 


68 PLANE TRIGONOMETRY. 


2 
Take 7’ a particular value for zlarge enough to make 


—x« 
an! (2n’+1) 
numerically less than unity. 

In the geometrical progression 


atav+av+tav'tete,. . . ; (2) 


== 


put @=zth term of (73), and v = ea 


— x 
anton + 1) aa 
tinually diminishes as # increases, while wv remains constant, the 
(x +- 2)th, (z + 3)rd, etc., terms of (73) are each numerically less 
than av’, av’, etc., respectively, and have the same algebraic sign. 

Hence, the sum of the terms of (73), after the (z — 1)th term, is 
numerically less than the sum of the terms of (4), which is con- 
vergent since v is numerically less than unity. 

Hence, (73) is convergent for all values of x. 

In like manner, it may be shown that (74) is also convergent. 

(73) and (74) enable us to compute the values of sin * and 
cos x to any required degree of accuracy. 

Thus, to compute sin 1°, we have 


Then av = (z + 1)th term of (73)! and since 


; x “x 
sing =x—,-+-—-——-+etc 
ey Se 
a ra 
=: ry measure 1° = —., 
180 
H = 0.01745 329 + * = + 0.01745329 
x? = 0.00030462 
x ES 
oa = 0,000000886 aaa = 0.000000886 
a 
a 0,00000000027 
x or 
5 = 0,00000000001 -— 5 = 0.00000000001 


Sin ii ©6,01745240 
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Examples. 
Compute, by (73) and (74), accurately to 6 decimal places: 


sin 5°. Ans, 0.087156. 
Cos 10°. Ans. 0.984808. 
sin 1s. Ais, 0.258859, 
; Sinesor. Ans, 0.500000, 


bf Ww 8 A 


70. Development of powers, and products of powers, of the sine and 
cosine of any angle, in terms of the sine and cosine of integral multipies 
of the angle. 


In (56), (57), (58) and (59), interchanging the members, we 
have 


2sin acos 6 =sin (a+ f) +sin (a — f); 
2cos asin 6 = sin (a+ f) — sin (a — f); 
2 cos acos #f = cos (a — #) + cos(a-+ £); 
2sin asin 6 = cos (a — £) —cos(a-+ £); 


imewhieh put @ = #2, and 6 = x, giving 
2 sin wx cos x = sin (a+ 1)x-+ sin (~ — 1)e; 
2 cos wx sin « = sin (z+ 1)x — sin (7 — 1)x; 


. (2 
2 COS 7x CoS x = cos (x — 5)x + cos (z+ 1)x; (2) 
2 sin mx sin x = cos (x — 1)x — cos(#+ 1). 


Putting 7 = 1, we have, from qth, 1st and 3d of (a), respectively, 


2sin® x = I — Cos 24; feampercice 
2 sin 2 cos 4 = Sin 2x3 ‘< 

: _ (36) and (39)]. 
25c0s & = COS 2x -+ 1. 


Multiply each of these by 2 sin x, and the last by 2 cos 4, giving 


2 sin x = 2 sin x — 2 cos 2x sin a; 
eee COS 4 = 2 Sill 2x Sin 2; x 
2° sin « cos* x = 2 cos 2x sin x + 2 sin x; (74") 
COs: x = 2 Cos 2x cos x + 2 cos x. 
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Reduce by (a), when z = 2, giving 


2° Sin a = 3 sin a — Sin 32. 
2 Sin’ x COS % = COs a — Cos aa, (75) 
2? sin x cos’ x = sin 3x + sin x; oe re 
2 COS = COS 34 + 3 Cos & 


Multiply each of these by 2sin #, and the last by 2 cos «, giving 


2° sin‘ x =O6sin 2 — 2 sin 3x sin: 
2° sin «COS * = 2 Cos «Sins — 2 cos 3x sin a. 
2° sin « COS’ i= 2 Sin 32 sin © 2) sin x. 
2° sin x cos’ * = 2 cos3xsinx-+6cos sin x; 
a COSa = Cos 3a/cos 4-= 6 cos x, 


Reduce by (a), when n = 1, and ” = 3, giving 


t=) o 
2° sin’ x = 3-4 cos 2x + cos 4x; ) 
2" sin’ x cos ¢ = 2 Sin 2x — sin 47; 
2°sin © COS x4 = 1 — cos 4x: e , 2 G6) 
27 sin x cos’ x« = sin 4x -+ 2 sin ee; 
2 cose = Ces 4a-- 4 COs 24-474 


In like manncr. by multiplication and reduction, we have 


2‘ sin® x = 10sinx — 5 sin 3x + sin 5x; 
2° sit £ COS & = 200s 7 — 3 Cesc, cous. 
2‘ sin® x cos’ a = 2sinx-+ sin 3x —sin 5a; 

2" sin” 4 COS’ @ == 2COS 4 — Cos 3x —cos5t; | 
2° sin x cOS 2 = sia 54-3 sim 94 esi 4: | 
260s & cos 5x-+ 5 cos 3x-+10Cc05 x, J 


This process may be continued to cbtain expressions fer pows:3 
and products of any required degree. It is only necessary to 
divide by the numerical coefficient in the first mcmber ir. order to 
obtain the required expression. 

71. Lew of Development for powers of cos x, By inspecting the 
last equation of each of the groups (74*), (75), (76) and (77), we 
see: that the coefficient of the power in the first member is a 
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power of 2, with an exponent less by unity than that of cos x; 
that the functions in the second member are all cosines; that the 
multiple angles begin with the multiplier equal to the exponent 
of cos x; that the multiplier diminishes by 2 in each succeeding 
term until it becomes unity or zero; that the coefficients are all 
positive, and follow the binomial law for the power considered, 
except the term independent of the angle; that this term enters 
only for the even powers, and is equal to half of the correspond- 
ing binomial coefficient. 

This law may be proved for all integral powers of cos 4, by 
assuming it true for the (22 — 1) power, and from it, by multiplica- 
tion and reduction, forming the 2zth and (2x -+1)th power. The 
law will be found to be true for these powers also. But, by (77), 
it is true when (27 — 1) = 5, thence for the 6th and 7th powers; 
thence for the 8th and gth powers, etc., indefinitely. 

By the law, 


¥2%—1¢CoSs* x=cos nx +-(2)eos (n—2)a-+(2)cos (1 — 4)x-+ etc. (78) 


The binomial law applies throughout if z is odd, but if x is 


Ue : : 
even the last term is =(z), or, when written in full, 
2 


An 


nn—-tu—2 (2 —4u +1) 
-: : 


i 
aie) . e ° e 1 
Z 2 & on 


* In the abbreviated binomial notation, 


n 7 
~-} denotes — = x, 
I I 


rH nu n— I nw — 1) 
—} denotes —. - = ee 
2 I 2 12 


in A pm l poe n(n — 12 — 2 
(5) denotes —, gee 7 om = eal) 
I 2 3 13 
etc. etc. etc. 
2 na n—tI na—(r— nin — 1)... (2 —[r—1)) 
8 eee ee) _ ele = 1). Seal 
6 7 \7 


etc. etc. etc. 
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72. Any power of sin « may be developed by putting: 90° — x 
for « in the development of the same power of cos x. 
Thus, to find sin® x and sin’ x, 
2° cos’ « = cos 6% + 6 cos 4% + 15 cos 2x + Io. 
Hence, 


2° sin’ x=cos (540°— 6x)-+ 6 cos (360°—4x)-+15 cos (180°—2«)-+10, 


or 


2° sin® « = — cos 6% + 6 cos 4% — 15 cos 2x + Io. 
Similarly, 


2° cos’ + = cos 7% -++ 7 cos 5x -++ 21 cos 3x4 + 35 Cos 4; 
2° sin’ x = — sin 74-+-7 sin 5% — 21 sin 34 + 35 sin x. 


Lexan ples. 


Reduce the following expressions to others consisting of the 
sum and difference of sines and cosines of integral multiples of x: 


1. sin’ #+-cos" 4, Ans. zhg{5 cos 8s + 60 cos 4x + 63}. 


2, Ssin?x-+ 8 cos’ x. 
Ans. 4{cos 5x--sin 52-5 cos 34—5sin 34+4+10cosx-+rosin <t. 


3. 32 sin® x + 96 cos’ x sin’? x + 32 cos’ x — 30. Ans, 2. 
4. 16 cos’ + — 20 vos’ x + 5 cos x. Ags, COS 5, 
5. 5 cos‘ x sin x — 10 cos’ x sin® x + sin® x. Ans. sin 5x. 


6. 8cos* « sin x — 4.cos x sin x + 8 cos‘ x — 8 cos’ «+1, 
Ans, sin 4% + cos 4%, 


Notre.—The construction of trigonometric tables, and the methods cf using 
them in trigonometric computations, should now be studied. 
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CHAPTER, Vik 
SOLUTION OF TRIGONOMETRIC EQUATIONS. 


73. Literal Equations. Wf any function of a required angle be 
exactly expressed in terms of given quantities, the angle may be 
expressed as an tnverse function ($50). Thus, if sin @ =a, we have 
@=sin~-'ta. If each required angle enters the equations by its 
direct functions only, we may, by aid of the formulas of Table B, 
reduce different functions of the same angle to expressions in- 
volving a single function of that angle, which function may then 
be treated as an algebraic required quantity. If these equations 
can be solved, each value of this function, found by algebraic 
methods, will give one or more values of the angle, according to 
the conditions of the problem under consideration. Thus, let 


fF sin =a, 


7 COS Qi C; 
in which a and é are given, y and @ required. By (1) we have 
cos @= + V1 — sin’ Od; 
giving, after eliminating 7, 


a b 


sin@ + Wy — sin’ p 


a 
whence sing= + Vee cos ~@=+ Va" + B® 
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or g = sin-*(4 =" —.) = cos" (+ ——)), 


Va? + 2b Va’ + 6? 
and r=+Va°+ B. 
Examples. 


Solve the following equations: 


1. sin @=2 cos ©. 


Ans, = sin-(+ 4}, or cos ~1( w=): 
Vit Vi+tn° 


2. sin @=x2 cot @. 


Ans. @= sin=*| ye 
2 


S-ntCOS —— 7gineg) — a 


niger V nti — a : ngtm V ne Lie—¢ 
Ans.p=cos-| gt gs £ |,orsin~* ENS ee ae r 


m +47 me +4? 
4. Given a’ sin? a+ 6 cos’ a = a’ sin’ a’ + cos’ a’, 
show that COS Q-= = Cos a, 


and from this result show, when the conditions of the problem 
require a@ and a’ to have different values, each less than 180°, that 


a+ a’ = 180°. 


5. Find the angle whose sine equals its cotangent, 


PAU Gi allay G8" 
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74, Elimination by the relation sin? @+ cos? @=1 is often 
convenient. 
To illustrate, let 


Pr Ssil p= a, 


7 COS. =, 
Square both members of each equation and add, giving 


7 (sin? @ + cos’ ¢) = a’ -+ 8; 


whence P=’ +B’, 
or r= tV7+2B, 
a @ 
and = sin -1(2) = sin- (4 we 
? r Va + # 
1/6 b 
gp = cos =) —(COsia" (+ ran 
Examples. 


1. Solve the equations 


yr cos ucos“u=a, 


rcosvsinu = 43, 


II 
S 


rsing 


An. r=tVP+tP+e, 


c b 
= sin-'| + ———-—— |], a— sin- "| + a |. 
gv Si f (Ve SLE Se ; Va +o 


2. Given xcosa+ysina=s, 
xsina—ycosa=Z, 
show that x=scosa-+/sin a, 
y=ssin a —fcosa. 
Suggestion, Eliminate x or y and simplify. 
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3. Given x sina+ycos a=, 
xcosa—ysina =g, 


show that x= psin a+ gcos @, 


y=pcoosa—gsina. 
¢ 3 se 2, Y apes 
4. Given 7’ sin’ v-+ 247 cos v — fp? = Oo, 


COSY a2 1 V4 
sin?z rt -cosyz 


show that a 


75. Elimination by division is often used. Thus, having 


Asin p= 2, 


+ cos d= 46, 


ee : sin @ 
By division, since = tan @, we have 
cos @ 


tan =F, 


a 
or @ = tan (5). 


tan ~ es a 


Since sin = +. —_—__ = + ————d 
e ¥r1-+tan’ ¢d V ag? 


we have pe ae i SE 


Examples. 
1. Given a and 4, find @ and a’ subject to the condition that 
they shall differ, and each be < 180°. 
a’ sin? a — 6’ cos’ ~a=0, 


@ sin a — 0) cos a — oO. 


Ans. a = tan =1(+ *, a tans #($ -). 


j a 
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2. Given a and 4, find p and a. 


r= 270, 


bsina +pcosa =o, 
3 


Ans, p= =., a= tan- (=) 


3. Given a, 6 and ¢ in the equations 


rcosyvcosu=a, 
PUCOsre Sitece— 2, 
7 Sin y= ¢, 


find w,vand zr. 


b é 
Ans. w= tan-? eh 7o— tania ( ), 
a 


PS se ie sae ie 7, 


4. From the equations 


4a? = (2 — 4ac) cos’ a, 
b 
tana= — —, 
2a 
show that a=z—e. 


Suggestion, Eliminate a, 6 disappears, 
5. From the equations 


y = Visin fd — 3 gt’, 


“= 17 cos , 
show that Per = x 4 (r= | g?’)’. 
g x 
= 71 tan _- + =, 
y %~ 2° Froos'¢ 
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76. The formulas for functions of the sum or difference of two 
angles may sometimes be used to put an equation under the forms 
considered above. Thius to solve 


sin (a+ ¢) =m sin ¢, 


a and m being given, ¢ required, we have, by (32), 


sin (a + ¢) = sin a cos / + cos a@ sin @; 
giving 
sin acos @ + cosasin~=m sing, 


Divide both members by sin @ sin @, giving 


m 
Clo Ge) Se (leks ay == Sa 
sin @’ 


“. cot @= mw cosec a F cota, 


& = cot —![m cosec a F cot a]. 


Examples. 
1, Find @ in the equation 
sin (a+ ¢) =pcos @. 


Aus, @ = tan —'(p sec a — tan a). 


2. Find @in the equation , 


cos (a — ¢) =x cos ¢. 
Ans, db = tan-*(2 cosec a — Cot @), 


3. Find 0 in the equation 
tan) (@ =) 0) — 7 cot b. 


Als. ostan—s{ S88 ey (OE 2) |, 


Ls ——= It 
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4. Given tan (a + ¢) =4&, find ¢. 
Ans. @=-~-a+tan-'(2), 


5. Given a+trcos(v+a)=&, 
b+rsin(vta)=/, 


find z and 2. 


k—a 


Apo pes V(k—a)'+(/—5)" v==—a-+tcos- SSS 


_ 77. The formulas for functions of integral multiples of angles 
may be used to reduce a complex equation to one of the simple 
forms already treated (§ 73). 


Examples. 


1. Given cos 2 = 7 sin’ @, find @. 
Ans. @ = cot-*(+ Vn +1) 


2. Given sin 2¢ = 2% sin’ @, find @ Aus. 6 = cot! (2) 
2 


euGiven cos 20 = 277 cos 0, find v, 
mt V2 ~- zi) 


2 ma 


Alts. Cos? [ 


4. Given tan aw tan a’ = — #', 


a+o’ = 180°, 


find @ and a’. Ansa == tania?) 4), a = dan * | ace), 
; 6° 
5, Given tan a tan a’ = — —,, 


a’b’ sin (a’ — a) = ab, 
ia Bee = a’ alle pe 
’ 


a’ +a = 180°, 
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find a and a’, a’ and J’ in terms of @ and 4, subject to the con- 
dition that a and a’ are each < 180° and positive. 


b ; é 
Ans. a= tan-* (ob s) a= tan" |= -1) 
a a 


see zeae ve fy ail 


sn (a a) (+ytea) (2B 5)- (#7 So)(+ 45) 


NUMERICAL EQUATIONS. 


78. If any function of a required angle is given numerically, 
we may express it by using the inverse fuiiction, or we may at 
once compute the angle by aid of the trigonometric tables. 

The given value, reduced to a decimal, is used with the table of 
natural functions, and its logarithm, increased by 10 if necessary, 
with the table of logarithmic functions. The latter is usually pre- 
ferred. 

Thus, given tan @ = — 4, to find @ from the table of common 
logarithms. 

lop tze == O:30T04 
log 3 = 0.47712 


log tan @ = [log 2 — log 3], = i S200" 


log tan @ + 10 = 9.82391,; 


: Os = 180° — (33° 41’ 24/7) = 146° 18’ 36”, 
** [p= 360° — (33° 41’ 24"7) = 326° 18’ 36". 


€os 30 45° 10” tan 190 dcaa 


Similarly, given cot @ = See aD ah Go” 330° 267 307” 
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to find ¢, we have 
log cot @ = log cos 30° 45’ 10’’ +- log tan 190° 15’ 20” 
— log sec 150° 25’ 30”” 
— log sin 330° 25’ 30”’ 
+ log cos 30° 45’ 10" 9.93419, — 10 
-++ log tan 190° 15’ 20’ 9.257514, — 10 
— log sec 150° 25’ 30’ = + log cos 150° 25’ 30’ 9.93937, — 10 
— log sin 330° 25’ 30 = 10 — 9.69334, = 0366055. 
29.43773 — 30 
log cot 9.43773, — 10 


“ P=74° 40’ go" and =f = 254° 40’ 40”, 
Examples. 


Compute by the Table of Logarithmic Trigonometric Func- 
tions the following expressions: 


in) 
. sin? |-— 
5 


= 


lt 


Hetan= ? (Vers 130°) 


a (ie Dili ate) 1) ae 


a “Ycos 152° 44” 40!” 
RP On a Fi ett ° , 
a co |) = Re 
tan 157 55 15 220. Oo tae 


82 PLANE TRIGONOMETRY. 


79. The methods already indicated with literal equations for 
2xpressing each required angle in terms of the given quantities 
may be applied to numerical equations, after which each required 
quantity may be computed. 


Examples. 
Find in degrees each positive value of @ less than 360°: 
r. When sin @ = 2.cos &. 
By division, tang == 23 
log tan @ = log 2 = 0.30103; 
Peo 04. 26 07” or 273° 26 67 


2, When cos 2¢ + sin @ = 1. 
Aas, ©, 180°, 30 sOUmeETOe 


3. When 4 sec? @ — 5 tan’ d= 1. 
wis. 60°, 120, 246 qmcoue 


80. In many cases it is more convenient to compute some of 


the required quantities from others computed first, Four im- 
portant cases will be considered. 


Case I. Given rsin @ = @, 
cos @ — 0, 


in which @ and 6 are given algebraic numbers,7 and @ are re- 
quired. 
By division. as in § 75, we have 


tan d = - 


from which @ may be computed. 
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We also have, from the given equations, 


2 and eee 
sin @ * ~ Cos d’ 


r= 


from which to compute ~ when @ is known. 


In order to check the computation of ¢, ~ should be computed 
from each of these formulas separately. The two results should 
agree within the limit of unavoidable tabular errors. A discre- 
pancy of more than two tabular units usually indicates a mistake. 
In case of an allowable discrepancy, the mean of the two values 
of log x is preferable to either. 


Lxamples, 
1. Given 7 Sig = 9332.70, 
r cos @ = 290.08, 


to find x and ¢, both being positive, and @ < 360°. 


B32 2n70 332.76 290.08 
t — = - Cl A 
a1? 290.08" ang s sin @ cos @ 
log 332.76 2.52213, 
a. c. log 290.08 7-53748s — 10 
log tan & 0.05961 


p = 48° Bae War. 


the only admissible value since sin @ and cos ¢ are both positive. 


log 322.76 21522135 log 290.88 2.46252 
a.c.log sin & O22 7 4. a.c. log cos @ 0.18236, 
log x 2.64488, log r 2.644884 


= AAAS: 
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In the following examples find r and @ subject to the same 
limitation as above: 


2. Given vsin @= 1.2974, rcos @ = 60,0243. 
Anus. @ = 1° 14! 170597 = 00.6206. 


3. Given 7 sin 6 = — 0.0822, rcos @ = 0.1288. 
Ais. O = 32727 15 eS osee 
4. Given rsin @ = 19468.3, 7 cos @ = — 846.06. 


Ans. @ = 02° 26’ 18, 7 = 1odcbye, 
5. Given rsin gd = — 63.824, xr cos fd = — 521.335. 

jis O01 5S AG f =052 sae. 
Case II. Given r cos v cos v= 4, 


FCOS? Sil 4 = 0, 


rsinv =f; 
in which a, and ¢ are given algebraic numbers, andz, w and v are 


required; 7, z and v being positive, 7 < 180° and v < 360° 
From the first and second of these, by division, we have 


b 
(20) 4) SS =F 
a@ 


from which w may be computed. 
In like manner, from the first and third, 


¢ COS # 
tan -$ 

and from the second and third, 
¢ sin z 
tan = 


from each of which v should be computed. A comparison of the 
two values checks the computed value of zw. 
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From the given equations, 


@ 


+= ——____., 
CoS YCOS u 
& 
r= =, 
cos v Sin # 
C 
~ sin z 


r should be computed from the last of these, and also from one of 
the others, to check the value of z, 


Lxamples, 


Find 7, w and 2, all being positive, « < 180° and wv < 360° 


1. When F COS 7 COS # = — 53.053, 
yrcos7?sin #4 = 197.207, 
7 Sin? = — 29,002, 
log y cos 7 Sin u = 2220402, Check. 
log 7 cos v cos u = 1.75201, los sin 7 Seles Olgar 
a.c. log 7 cos v SiN w= 7.70508% 
Difference, log tan « = 0.56296, log sin z = 9.98432, 
aie a105° To a 
log tanz = collie 
log ry sing = 150075). OS 7 COs 2 COs == 20 
a.c. log 7 cosz7 cos wz = 8.26798, a.c. log cos zw = 0578574 
+ log cos uw =O cite pe a. C100 COG?) = 6.00776 
log tan v = O25 ee 7 LOS 7 = 22300807 
P= 340 11 a1" 


The value y= 160° 11’ 1”’ is rejected, since sin v is negative. 


lOce Sin) = £5917 54 
One (iee 10.27 3280,, 


Difference, log +r Ec loa ue ar 920015 


86 PLANE TRIGONOMETRY. 


2, When PROS @ COS “== 1,27, 
r cos v sin wz = — 0.98, 
FSi a — oO. 

Ags Noe tan # = 9.80742; ie == Seto! OA 
log tan v = 9-744 14,. [= 150 So Ane, 
log r = O.20352 7, 7 — 034s 

3. When r cos vu cos “# = — 19.76, 
BeOS 7 Sin — —— 9 47.10, 
r sing cies 

is — 0 Go 4 Ds Ser 2) ee f= 2270 


+ Case III Given 
Sia 1p) — i sin Gy, 


in which @ and m are known algebraic numbers. 
From this equation, we have 


sin(za+ ¢)+sin@ msingd+sing_ m+ 
sin (2a@-+6)—sing msing@—sing m—1 


‘From (66), 
sin (za + ¢)+sin@ _ tan (a+ 9). 
sin (2a + ~) —singd tana °° 
tan(a+ ¢)= -- ze tan @. 


In like manner, it may be shown that 


WL — I 
tan (@ — = tan @ 
( ?) mH : 

Mm +- 1 
tan (@ = - tan & 
( + 9) wu - 1 i 


from which (@ + ¢) may be computed, and thence ¢ Compare 
S$ 77- 
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Examples. 


1. sin (30° + ) = 7.93 sin @. 
AgsaO = 4-2 66" or 184° 2° 66"", 


2, sin (12° 15’ — @) = .00371 sin ¢, 
Anis. Q—= 2 12 16 OF 192° 12° 58”. 


3. sin (99° 50’ + ¢) = — 0.015 sin @. 
: ae ron G0 Or 201 0 56'. 


4. sin (20° 20’ — @) = — 3.21 sin @. 
Ans. = 171° 18’ 20° Or 351" 18 


, 20/", 


CasEIV. Given mcos@+asing=g..... . (a) 
in which @¢ is required, and m, 2, g are given algebraic numbers. 
Let x sin y — 7 and COs) — 7. 
In (2), substitute for # and # their values in terms of x and 
vy, giving 
xsinycos 6+ x cosysin d = g, 
or, by (28), sin (y+ 4) = 4 ee 6 ce CG) 


Eliminating x from (4), we have 


: : sin gcosy 
sin (y+ 9) = 2 = Soy 4 ecm) 


and since 


tan y => -, 


Rls 


@ may be determined. 

Double computation should be made, as indicated, to check the 
value of y, which is auxiliary, and should be limited to a positive 
valuc less than 180°, 
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(2) shows that the solution is impossible if g is numerically 
greater than x, or since x = + Vm’ + 7°, if 


G>mw+tn, 


which also limits the possibility of solving (c). 


Examples. 
Compute @: 
t, When 9.863 cos @ + 6,821 sin @ = — 1.799. 
Asa yi=is5 (20. i= 133° 17 40.5 Of 347. 2° 0) abe 


2, When 36.85 sin @ — 11.45 cos @ = 28,34. 
AnsmyeGs an 20. @ = 64° 31' 13 OF 150 10 07 & 


3. When 348.5 cos @ — 243.7 sin 6 = — 356.8. 
i es Ge == 12 4 24° Or 177° Bo” RA, 
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CHAPTER th 
RIGHT PLANE TRIANGLES. 


RELATIONS BETWEEN SIDES, ANGLES AND AREAS. 


81. Denote tne angles of the right plane triangle AWB by 4, 


S Te a= - and &; and their opposite 


nN 
i sides by a, 4 and 4, respectively. 
Let 4 = area of AASB. 
With A as a centre, and radius 
A m AB, describe the arc Bm, 
Then sin A =o eee (C70) MOk fia ivein Ae ee (0) 
b 
and cos 4 = yo (Si)isot b= Wcos;A, 2 3) 3 (Se) 


With a radius AA describe the arc xz; and we have 


fans — > S 2 (83) sor a= btan Ave. 2 9 (84) 
b 
and Ota — a> (85) or b=acotA. . . . (86) 
From Geometry, we have h?=a’+b*,. . . (87) 
Al No Ji r= alee 1) 4=tab,... . (89) 


From (80) and (82) we see that, 77 any right plane triangle, either 
leg® is equal to the hypothenuse multiplied by the sine of the opposite 
angle, or by the cosine of the adjacent angle, 

From (84) and (86) we have: Lither leg is equal to the other leg 
multiplied by the tangent of the angle opposite to the first leg, or by the 
cotangent of the angle adjacent to it. 


* The two sides about the right angle are called legs, 
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82. Equations (80), (82), (84), (86), (87) and (88) express rela- 
tions between the sides and functions of the acute angles in any, 
right plane triangle. They are simultaneous, but not all inde- 
pendent. (80), (82) and (88) are independent. Combining so as 
to eliminate 4 or Z, there will remain two equations containing 
a, b,h, and a function of one acute angle. Hence, two of the 
quantities must be known, one of which must be a side, in order 
to determine the others. 

Four cases arise; there may be given: 

I, Either acute angle and the hypothenuse. 
II, Either acute angle and either leg. 

Ill. The hypothenuse and either leg. 

TV thettworless: 

General Rule. Express each required part in terms of the two given 
parts only, by means of the formulas § 81; then determine the required 
parts by use of tables. 


Some exceptions to the use of this rule arise when the formulas resulting from 
its application are not convenient for logarithmic computations. 


83. Case I. Given etther acute angle and the hypothenuse. 


Lxamples. 
Given A = 27° 34’, 4 = 325 ft., find the remaining parts. 
From (88) we have B = go° — A = 62° 26’, 
To find @ and 6: 


Check. 
a=hsin dA b=hcos A a=étan aA 
log a = log #-+-log sin A log 6=log’#+logcos A log a= log 6-+-log tan 
log £= 2.51158 log 4 =2.51188 log 6 = 2.45955 
log sin A =9.66537—10* logcosd =9.94764—10 logtan 4 = 9.71771—10 
log a4 = 2.17726 log 6 = 2.45955 log a = 2.17726 
(= NO SOM ie, i925 Sarat a = 150.404 ft. 


* The — 10 corrects the tabular log sin, log cos, etc., which, in general, are 10 
too large. 

Hereafter the — 10 will not be written, but each final log must be corrected, 
if necessary, before pointing off the corresponding number, 
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@uGiven 2 — 643.02 ft, 4 = 84° 40s, find the remaining 
parts. iis == 5 1G) 2G eo = 640.86 {t., 6 = 50.776 ft, 
3. Given 4= 125.7 yds. B=75° 12’, find the remaining parts. 
Ase = 140 AS ae eel ievGs.,o — 121.53 yds. 
84. Case II. Given either leg and either acute angle. 


Examples. 


1. Given @ = 56.293 yds. 4 = 54° 27’ 39”, find B, d and &. 
Mis b= 35° ge 21 — Aoi Yds.) — 60.176. yds, 
2. Given 6= 984.27 metres, B = 22° 59’ 11”, find A =67° o 
Ate —='25 20) s MetTes, @ —12320.4 INeLces, 
85. Case III. Given the hypothenuse and either leg. 
Let 6 and 4 be given; then, (81) and (88), 


Sea 
h 


Knowing either 4 or 4, the other is its complement. 
From (87), @ = V(h +b) (hk — 8). 
Lxamples. 

Pmctven 2 — 2361-6 ¥ds..¢ — 355.7 yds. find 4 = 9 16 437, 
We SOA 12. = 2360.5 yds. 

ceive — 9 metres,> = 6 metres, ind A = 27° 16°", b = 62~ 
ee —aenes imetres, 

When the given leg 4 is nearly equai to 7, 4 is nearo and B 
near go; and neither will be accurately determined by the above 
method. (79) or (83) may then be used; or, 

From (45) and (48), we have 


. A = =m 
sin = 4/! cos A tan S = 4/1 = 005. cos A 
2 1-++cos 4 


= 2 


Substituting - for cos A, and reducing, we have 


Ace = A ES 
sin —- = ee O tan - = nes I 
: / _ (90) ; THs (91) 
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; wee 
From either of which > may be more readily computed, when @ 


is not required. 


Exa:nples, 
1. Given 6 = 20.15 yds., B= Poe bile uta, 
find Aq 13 42a, 


2. Given 6 = 737.24 metres, 4 = 738.04 metres, 
Ans, A=2 “40 65 co 


86. Case IV. Given the two legs. From (84) and (86), 


and from (87), hz Va’ + 6, 


From (79) and ‘(81,) 


a b 
a Bue ie cos 4’ 


which are more convenient for applying logarithms, and the two 
values will check all results. 


Examples, 


1. Given @ = "48 Ver, C= 56 yds. - 
Ans, A = 38°78 ee — an 50’ 52", & = 6o.Sroyads. 


2. Given @ = 751.8-mMetres, & = 534.2 metres, 
Ans, A = 54° 30° 147, B= 35 23 46, 2 oct. metres. 


2 


i= 


a 


i 


a 


a24e= 
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Miscellaneous Examples, 


Given, 
361.4 ft, A= 4°12’, 
27.18 ft., A = 26° 18’ 05", 
749 yds , A = 47° 03' 10”, 
439 metres, 8 = 62° 21’ 10”, 
2880 mi., Al = Oe 8, 
125.694 ft., A = 81° 15' 07", 
150.404metr., & = 62° 26’, 
7-5 metres, hk = 12.5 metres, 
473.8 yds., & = 643.7 yds., 
RETF dion (2 = QNDE Ms 
26 yds., 6= 15 yds., 
RGB VWeoc , = 1052.29 ft., 
118,297 yds., & = 122.416 yds. 


2¢= 


oa 


Reguired. 
BS 293,05 i, = QPL tho, 
B= 48° 48’. 
GS MAK Hi, S BA VHS ioe 
B= 63 41 55 . 
B= 42° 56' 50", a = 548.25 yds., 
6 = 510.31 yds. 
A = 27° 30' 50", @ = 203.705 metres 
6 = 388.87 metres 
BS aT’ Bo’, @ = 3840.45 mi., 
& = 4800.33 mi. 
3 =e B aw 3y”, Y= ie), Bi tillyg 
(CS WA UGA ih, 
al SS BP Qa’. 6 = 288.1 metres, 
4 = 325 inetres, 
6 = 10 metres, Sey oF AS”. 
4S ge ae 12”, 
a= 435.73 yds., A = 42° 36' 13”, 
_ B= 47 23' 47". 
a@=1707.24ft., A = 53° 12’ 14", 
B = 36° 47' 46". 
4 = 60° or’ 06", B= 29° 58’ 54”, 
hk = 30.016 yds, 
Als TEP 1G’ Se", BS a? aul oe”. 
4 = I108.69 it. 
A= 44° or 10", B= 45° 58’ 50”, 
A = 170.234 yds. 


PROJECTIONS OF STRAIGHT LINES AND PLANE FIGURES. 


87. The projection of a point on a line is the foot of a perpen- 
dicular through the point to the line. 


The projection of a point on a plane is the point where a per- 


pendicular, through the point to the plane, pierces the plane. 


The projection of a straight line of limited length on a second 


Straight line is that part of the second line which lies between the 
projections of the extreme points of the first line upon the second; 
and it is equal to the length of the first line multiplied by the cosine of 
the angle which the two lines make with each other. 
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fo prove this, let 42 be any straight line of limited length, 
and CD any straight line on which it 
is to be projected. Through 4 draw 
AC perpendicular, and 4Z parallel to 
€D. The angle BAF will be that EY 
which the twoslines:4 4 aad) C2) 10\¢C srecssieeesnmestleneen tenis eee 
with each other. Through & pass a plane perpendicular to CD, 
cutting d#in Z,and CDin D. Draw BZ, LD and DZ. 

Then CD is the required projection of AZ. 

AC and £D are parallel, because they lie in the plane of the 
two parallels 42 and CJD, and both are perpendicular to CD, 
Hence, ACQ2Z is 2 parallelorram, and AZ = CO. But 


AE = AB cos BAL, since BEA = 60°. 


A 
\ 
\ 


Therefore, CD = AZ cos BAL. 


88. Zhe algebraic sum of the projections on a given strarght line, of 
a@ series of straight lines connecting azy two points, ts equal to the pro- 
jection, on the same line, of the straight line joining the iwo points. 

Let AB, BC and CD be 
a series of straight lines 
connecting the points 4 
and D,and AD a straight ~ 
line joining the two points, en 
Let ZX be the straight line \ 
on which the projections 
are to be made. Through 4, B, Cand D, respectively, draw AZ, 
BH, CF and DK perpendicular to ZA. 

Then, the algebraic sum of the projections of 4B, BC and CD 
upon EX is EH —- HF +4 FK. HF is negative because the angle 
made by BC with £X, as estimated, is obtuse, and its cosine, 
therefore, negative. 

EK is the projection of AD on £4, and 


= 
a8 
z 


EK = EH — HF + FR. 


In a similar manner, the principle may be proved for any other 
series of lines. 
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89. The projection of a straight line of Hmited length on any plane, 
is egual to the length of the line multiplied by the cosine of the angle 
which the line makes with the plane. 

Let AB be any limited straight 
line,and XOYany plane. Through 
A and J, respectively, draw the 
straight lines 4C and BD perpen- 
dicular to the plane XOY, piercing 
iGingthespoints @ and), join ¢ 
and D by the straight line CD; it 
is the required projection. Through 4 draw AZ parallel to CD. 
The angle BAZ is that which the line 4&2 makes with the plane 
AOY; and since ACDE is a parallelogram, we have 


Cl =AL= AL cos GAL, 


90. Let DACAF be a plane figure, and DA’S'C’F its pro- 
jection on another plane intersecting 
the first in the right line D/. 

Assume any number of points on 
DF, through which draw right lines 
parallel to DA and DA’ respectively. 
Through the points in which the first 
set intersect the curve ABC, and the 
points in which the second set inter- 
sect A’B’C’, draw right lines paral- 
lel to DF, forming the two sets of parallelograms AZ, BF, etc., 
endiA 2s fete, 

Through AA’, the projecting line of 4, pass a plane perpen- 
dicular to D& cutting the two planes in the right lines 4P and 
PA! respectively. 

The angle APA’, which we will denote by 9, is that made by 
the planes with each other 


A’P = AP cos 0: arcade = AP ya: 
area VE = A’PX DE=AP cos 0X DE = area AL cos 8. 
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Similarly, each parallelogram in projection is equal to the cor~ 
responding one in the given figure, multiplied by cos 0. 

Let z denote the number of parallelograms; then as the number 
of points on DF is increased, we have 


DA BC F = iwit (A'E+ BF + etc.) = lint (42 4BF+etc.) cos 6 
= DABCE cost) 


In a similar manner, it may be shown that the area of the pro- 
jection of any plane figure ts equal to that of the given figure multiplied 
by the cosine of the angle made by tts plane with the plane of projection. 


Definitions, 


91. Considering any place on the earth’s surface and the cor- 
responding radius of the earth: ’ 

A Horizontal Plane is one which is perpendicular to the radius. 

A Vertical Plane is one which contains the radius. 

A Horizontal Line is one which is perpendicular to the radius. 

A Vertical Line is one which is parallel to the radius, 

An Oblique Line is one which is neither perpendicular nor paral- 
lel to the radius. 

A Forizontal Angle is one whose sides are horizontal. 

A Vertical Angle is one, the plane of whose sides is vertical. 

An Angle of Elevation is a vertical angle having one of its sides 
horizontal and the other above the horizontal side. 

An Angle of Depression is a vertical angle having one side hori- 
zontal and the other below the horizontal side. 

An Oblique Angle is one, the plane of whose sides is neither 
horizontal nor vertical. 


Applications. 


1. A railway 463 ft. 3 in. in length has a uniform grade of 3°. Find the total 
rise. ZAP BL Wie 3} Hide 
2. A railway with a uniform grade rises 150 ft. in 3000 ft. Find the grade. 
Ags, sin —< (ioe el so - 
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3. A ladder 38 ft. in length, placed in a street, touches a point 29 ft. 6 in in 
height on a vertical wall on one side of the street, or a point 28 ft. in height on 
the opposite wall. Find the width of the street. Ans. 49.643 ft. 


4. The angle of elevation to the top of a steeple, measured from a point 200 
ft. from its base in a horizontal direction, is 47° 30°. What is the height of the 
steeple ? Ans, 218.26 ft. 


5. A tower 103 ft. in height casts a shadow upon the horizontal plane of its 
base, 51.5 ft. inlength. Find the angle of elevation of the sun. 
ADS, Of OF CS”, 


6. A and # are points on opposite sides of a river. Find the distance 48 from 
the 4 side. 
Method. Lay off AC L AB. Measure 4C and the angle ACB =a. 


Given 4C = 80 yds., @ = 85° 22' 30", find 4B = 089.1 yds. 


7. Find the height of the vertical wall 42 when 40 = DE = 6 = 4oo ft. 
DA SLOSS eG SO Non Ghal G2 = Ba" 107/. Ans. 169.9 ft. 


8. Assuming the earth to be a sphere with a radius of 3963 mi., find the height 
of a light-house light just visible from a point 20 mi. at sea. Ans, 266.5 ft. 


Suggestion. The line of sight is tangent, at the point of sight, to the great circle through it and 
the foot of the light-house. It forms one sideof a right triangle whose hypothenuse exceeds the 
radius of the earth by the required height. The angle at the centre of the earth should be found 
from its radian measure. Compute log 4 by (81), then from (90) find 4 — 4, 


g. Assuming the height of the great pyramid to be 486 ft., and the radius of 


the earth to be 3960 mi., from what distance can the top of the pyramid be seen ? 
Ans, 27 mi, 


10. Assuming the radius of the earth to be 3963 mi., the longitudes of Cotumbia, 
S. C., and Los Angelos, Cal., to be 81° 10’ W. and 118° 30’ W., respectively, and 
their common latitude to be 34° N.; find in miles the length of the arc of latitude 
which joins them. as. 2140.8 mi. 

Suggestion. Find the length of the radius of the circle of latuude; then, with the difference ip 
longitude, determine the required distance. 
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11, From a point 108 ft. above a horizontal plane the angles of depression of 
the top and bottom of a tower standing on the plane are 30° and 60°, respectively. 
Find the height of the tower. Ans, 72 ft. 


12. Area of a Circular Segment. Let 4 V2 be any circular segment in a circle 
whose radius is 7 Denote the corresponding 
angle at the centre by 9. 

From the figure, we have 


seg. ABD = sector CADB — triangle CAL. 


From Geometry, and § 64, we have 


26 g 
sec. CADB = = and triangle CAB = 7° sin SOs 


6 2sin@ # 
Hence, segment = is - ts ~= = Ba — sin 6). 


13. Express 4£ and £J, in terms of a = AB, and functions of a, Band y. 
Method, Find AC, then AD. 


14. Same, in terms of 6= SC, and functions of a, 8 and y. 
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CHAPTER] Vit: 
OBLIQUE PLANE TRIANGLES. 


92. Any oblique plane triangle can be solved by using two 
auxiliary right plane triangles formed by drawing a perpendicular 
from a vertex to the opposite side. Such a vertex should, if possi- 
ble, be selected so that one of the auxiliary triangles will have 
one side and one other part given in addition to the right angle. 
The right triangles may then be solved, and the required parts of 
the oblique triangle found. If the three sides are given, no vertex 
will fulfil the above condition. In this case, P. XII. B. IV. Davies’ 
Geo. gives data for the solution. 

In general, it is more convenient to solve an oblique triangle 
directly from the relations between its parts. 


RELATIONS BETWEEN THE PARTS OF OBLIQUE PLANE TRIANGLES 


93. Kelation of Angles. Let ABC be any plane triangle, in 
which the angles are denoted by 4, B and C, respectively. 
By Geometry, 


Arh 6 = 180 sO 


94. Area in Terms of Two Sides and their Included Angle. De- 
note by a, 4, ¢, the sides opposite to 4, B, C, respectively, and by 
A, the area. From the vertex C draw 

c CD perpendicular to 48. Then 


Cc 
@ ; 
NG i: 
| 6 ; Tae 
meee 1 ~8 ee Oa icin 4h 


and sin 4 = are 
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which, when substituted above, gives 


A= toe sin Aare AORN 


That is: Zhe area of any plane triangle ts equal to half the rect- 
angle of any two sides multiplied by the sine of thetr included angle. 

95. Relations of Opposite Parts. Three different expressions 
for the area of ABC may be written, giving 


44¢ sin A = tac sin'-B = 4aéd sin C. 
Divide each member by adc, then 


sin 4 sin B sin C 
ee pa ee a a 


a ee Ae ee) 
DE sin A sin Bo sin ee 


| 


That is: Zhe sides of any plane triangle are proportional to the 
sines of their opposite angles. 
Equation (95) may be written in the form 


a0 32 sin A 2 sin 2: 
whence, by composition and division. 
a+té:a—63:sind+sin B: sin Ad — sin B; 


but from (66), 
sind -+sinB _ tan3(4 + 2). 
sin.4—sin 2 tan 4(4 — B)’ 


. atb:a—b::tan 3(A+B):tan3(A —B). . (96) 


That is: Zhe sum of any two sides of a plane triangle ts to their 
aifference,as the tangent of one half the sum of their opposite angles is to 
the tangent of one half their difference. 
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96. Syuare of Any Side in Terms of the Other Sides and their In- 


a a cluded Angle. 

Ma . If 4 is acute, J lies on the side of 

NOS A toward JS, or on the positive side, 
pt-----> == 8 and we have 


e=H t+ oe — 2AD, 
If A is obtuse, we have 
area 67 to + 2D‘, 


D’ being on the negative side of 4. Neglecting the dashes, both 
may be written, 


a= +3 — AD. 
Taking AC =o = #, we have 


cos 4 = —- or AD = é6cos A. 


Hence, a= bi +c’? — 2becosA.. .. . . (97) 


97. Functions of Angles in Terms of the Sides. From (97) we 
have 


2 aes 2 
ie a earn 


a. tas 
a (98) 


which is inconvenient for logarithmic computation, By adding 
unity to both members, we have 


1 + cos A = UpEe ate = Were er eee) 


2be 2be 


and subtracting each member of (98) from unity, 


Pe ie ae), (8 ee a SP ae) 
26¢ 2be 
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Hence, by (45), (47) and (48), 


ing = 7 aes — fe ee 


cosp4 = Eto _ ) deste ICEa =) 


= oe (@+4-—c(a—b+e) 
nae 1 -+cosA = Vet ee 4-¢ + a)(6 + ¢ — a) 


which are convenient for logarithmic computation To make 
these forms more compact, let 


at%te=s, then atbé—~—¢=s — 2¢; 
a—-b+tec=as— 2b, 6+¢—-a=zs — 2a; 
whence 
aoa |) Coe Oe) ae 
be 
cos ga = f/ BUS — 8) ol 4) ® aani(iec) 
(3s — b)(3s — ¢) 
tan $A = {/ ee) 1a(da = an (101) 


These values are all positive, since 4 < 180°, and 44 < 90°. 
(sor) will usually be preferred for determining 4. 

If two or more angles are required in the same triangle, the 
following will be convenient. Let 


24 Saas . . . (t02) 
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This reduces (1or) to the form 


K 
tan 4A => 1 7 o © 6 8 me (103) 


By analogy, since A is symmetrical with respect to a, 6 and ¢, 


K 


K 
tan £C = i= rm 


GE. Arca in Terms of the Sides. We have, by (93), 
A = be sin A, 
By (36), making 2@ = A, we have 
sin 4 = 2 sin $4 cos 44, 
which, by (99) and (100), gives 


2 V4s (35 — a)(4s — 4)(45 — ¢) 


sin 4 = aeeeass (rea) 


Hence, (93), 4= Vis(s—a)s—Ds—0). . . . (105) 
Comparing (105) with (102), we have 


AES GR 6 Ge I 


which is more convenient than (105), if K has already been com- 
puted. 
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99. Lupressions for Radti of Circumscribed and Inscribed Circles. 
Denote the radii by #& and 7, re- 
spectively. Let Zand J, be their 
respective centres. Draw the right 
lines AZ, BE, AD, BD, CD, and 
from & draw £F perpendicular 
to AL. 

To find R, The angle ACB 
being inscribed, we have 


C = ACB =14EB = FEB, 


sin FEB =~ = 45 = sin 
ae 2am, noel 
Compare (95). 
Nrom $ o4) we Havewsin © — a 
Hence, (107), R= i : (108) 


To find r. The triangle 4BC is composed of ABD, BCD, 
CAD, which have the common altitude +. 


Hence, 4=tratthtreb+-tre= k(a +o+ ¢) Fi ire 


and r=}. ° ° . e 6 e oe (109) 


Or Dy (106) 8 le ay aN ea 0 aa) = » ETO) 


ts 
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100. Equations (92), (95), (96), (97), (98), (99), (100), (ron), 
(102), express ‘relations between the parts 4, B, C, a, 3, ¢. 


To show that this group contains but three independent equa- 
tions. 


From the methods of deduction, (96), (98), (99), (100), (101) 
and (102) depend on (92), (95) and (97). 


From (92), ‘A+ B+tC= 180° 
ane 
sin 4 sin BD’ 
From (95), 
| Pe 
lsin 4 sin 
From (97) a= P+? — 2b¢ cos A. 


It remains to be shown that (97) is dependent on the other 
three. 


oe ee 
Evidently, eS en te A. 
But 4 = 180° —(£+C), 


and by (28), 
sin A =sin (@+ C) =sin Bcos C-++ cos Bsin C; 


sin? A = sin? A(t — sin? C)-++-2 sin. B cos Ccos B sin C-+(1 — sin? B) sin? C 
= sin? B + sin? C-+ 2 sin B sin C[cos Bcos C — sin Bsin C]. 


But by (30), cos(&+ C) = cos B cos C—sin B sin C; 
and by (92), cos(& + C) =cos [180° — 4] = — cos A. 


Hence, 

sin? 4 = sin? @ + sin? C — 2sin Asin Coos 4, 
and 
@ sine A) 2 sin’ 2 a? sin? C asin B asin€ 


<= == oS reeeET 2x o 5 
sin? 4 sin? 4 sin? A sin A sin 4 


Oe = cos 4; 
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which, by (95), gives (97), which therefore depends on the other 
three. ; 

In the above three equations, from (92) and (95), we may, by 
(92), eliminate any angle as C, giving a groupof two simultaneous 
and independent equations containing five elements, 4, JB, a, 0, c, 
any three of which will determine the other two. 

Hence, as in Geometry, any three elements which include at 
least one side will completely determine the triangle. 


SoLUTION OF OBLIQUE PLANE TRIANGLES, 


101. There are four cases, There may be given: 

I, One side and two angles, 

II. Two sides and an angle opposite to one of them. 
III. Two sides and their included angle. 


TV, Uhree sides: 
In general, express each required part separately in terms of 
the given partsonly. From these expressions make the computa- 


tions. 
102. Case I. Given one side and two angles. Leta, A and B be 


given. 
To find C. From (92), we have 


Gemsa = (445), 


To find band c. From (95), we have 


_ sinc 
sin 2. 


_asinB __asinC neue 
~ Sind? ° > Sind 
The double computation of ¢ will serve as a check on those of 6 


and ¢. 
If the area is required, eliminate 4 from (93) by (95), giving 


Pie os lia de Siig Ge 


= ae sin A 
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Examples. 


Peoivenvar—= "250.4 YS. 4 = 72044 65.40 = 15° 19 50°. 
To find C, C = 180° —(A + B) = 91° 56’ 05”. 
To find b and c. 


asin B asin C 
w sined, ~ Binet 


log 6 = log a — log sin A + log sin B, 
log ¢ = log a — log sin 4 + log sin C. 


log a@ 2.39863 log @ 2.39863 
a.c. log sin dA 0.02002 a.c. log sin 4 0.02002 
+ log sin B 9.42224 + log sin C 9.99975 
log 6 1.84090 log ¢ 2.41841 

5 = 69.327 yds. ¢ = 262.07 yds. 


To check the work, and find the area: 


a’ sin B sin C 
sin A i 


a) . 
2 


log ¢ = log 4 — log sin B + log sin C, 
log 4 =2 log a — logsin 4 — log 2 + log sin B + log sin C. 


log 5 1.84090 * 2g loga 4.79727 
a.c. log sin B 0.57775 a.c. log sin A 0.02002 
+ log sin C 9.99975 a.c. log 2 9.69897 


log ¢ 2.41841 + log sin B 9.422 


a 
+ log sin C 9.99975 


log 4 3.93826 
4 = 8674.8 sq. yds. 
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2 Given 4a =i) 35° 0 =64 SI ec —1000 1c 
Aus. C = 57 34,0 = Goons ft, 6 = 644-40 ft 
a. Given ce = 903° 52° 12°C = 57° 42a) an’) Aooumectes: 
as, A = 38° 25' 057.2 — 240 oc)m.9e —. 40.05 mM, 
4, Given 2 = 54° 18' 07", C= 03° 23 Asa soo e nar ds 
Ans. A = 32° 18’ 10", @ = 32/244 yds = on vids, 
Ss Given 6 = 125 41° 53° C = 21°59 57 9c — sora cma: 
Ans. A = 32° 18’ 10°) a = 32.244 yds... — ome 


103. Case II. Given two sides and an angle opposite one of them. 


Let a, 6 and A be given. 

Construct a figure. as indicated, 
and denote by # the perpendicular 
DC. 

ist. If 490, or if 4 — 90 , but 
one solution is possible, and there can A 
be no solution unless @ > 8d. 

ad. If A < 90°, four cases arise: 


Cc 


= 


Le) 


When a> 4 or a = 4, there is one solution; 
When 4><a> #, there are two solutions; 
When a= 9, there is one solution; 

When a < 9, there is no solution. 


Before beginning the computations, notice whether or not 
A>g0° or A=ogo°, and @<b or a=d. 
If so, no solution is possible; if not, from (95) write: 


6sin A 
sin B= ee 
a 


log sin B = log 46+ log sin 4A — log a. 


Compute log sin 2. There are four cases: 
ist. If log sin B > 0, sin B > 1, which is impossible; therefore 
no solution. 
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CC mimoOwesiie ss = 96, sin 2 — i, fe—=190,and a = £, there 
will be one solution only, provided 4 < 90°; otherwise none. 

3d. If log sin B <o,sin B < rand two values of B < 180°, will 
Fesuliaviz, 2 < 90 ,and L’ = 180 — ZB. 

When 4 > 90° or A = 90°, but one value, B < 90°, is admissible. 

When 4 < 90°, both, B < 90°, and B’ > 90°, are required. 

Having found £ and 4’, the other required elements can be. 
found as in § 81, C and C’ from (92), ¢ and ¢’ from (95). 


Examples. 
(mGivenna = 3224 uyds,.¢ = 49 ydcu4 — 32° 18’ 10”, 
dsin A 
To find B,* side = — , 


log sin B = log 6+ log sin A — log a. 


log 6= 1.69019 as 
log sin A = 9.72786 PoE = 54 08 C5” 
ape lom a = 82410155 Bo 125° 41 57 
log sin B = 9.90966 —_ 

54° 18’ 03/7 oe 


To find C. C = 180° —(A+ B) = 93° 23° 477", 
Ca= 180 —(4 4-8) 1 so RY, 
@sinC sin C 
To find c. c= ince = “sin B’ 
log ¢ = log a — log sin 4+ log sin C 
= log 6 — log sin B+ log sin C. 


Check. 
log @ = 1.50845 log d= 1.69019 
a,c. loo sin 4 =0.27214 a.c. log sin B = 0.09039 
log sin C = 9.99923 9-99923 
log sin C’ = 9.57354 9:57354 
log f7= 77062 177002 
log 2 =a1-s5413 1.35413 


¢ = 60.231 yd, Go 22. 60min 
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2. Given ¢ — 32724, 6 = 40/11, A= 149° 41 50", 
Ans. Impossible by inspection. 


Se Given — 5.00 (ly, 0 = 34.217 11s =p 8 20. 
ee ee = sy 88 got! °C == 6a so 1 oa ce = sa c00 tt 
pie — 12” 8) 38) iC: = aS gene ec ann 
Alena 22-14 (t,, 0 = 40)50ull es — "0 7mez 3 oa 
Ans A= 26° 19° 53°, C = 56 eng) G7 ee enemies 
5. Given 6= 40.39 vds., c= 50.45 yds. 6 = 0a. theo 
Ans. Impossible. 
6. Given a = 248 miles, ¢ = 354 miles, A = 41° Boe 
Ve as 23, 22, B 07 0 330, 0 .—=  ige 
UC = 108" 36 487 ben oes ae 
7 GIVER @ = 210.09 Mettes;a— Tol. quumletese@ == /62 25) sha ae 
Ans. A=00, 8=27 31° 08 42 = 160.007 metres. 


8. Given a = 150.404 ft, 6 == 2661 ft, 4 = 27 347 
en ee = ae eo a= go a _ 325 ite 
B S17 34 C = 34 52,6 = 185.7000 


104. Special Afethod. The perpendicular DC =f determines 
two right triangles, ADC and BDC. 
in AOC, 6 and A are Siven. andy, 
may be computed. Then, in BDC, a 
and f are known, and the angle DCB 
may be computed. B= 90°F DCB a 
according as # is acute or obtuse. 
¢ may then be computed as before (§ 103). This method does 
not, in general, increase the accuracy. 


c 


Examples. 


1. Given a = 57 yds., 4 = 69 yds., A= 54° 27’ 39”, find B accu- 
rately. Ans B= So 430%, B = 3909 55 3004 


2, Given a= 56 ft, 6 = 55 ft., A = 90° 20’ 30”, find B accu- 
rately. Ais; B= 79.0 a2re 


OBLIQUE PLANE TRIANGLES, Ill 


105. Case II] Given tao sides and their included angle, 
Let c, 6 and C be given. 
To find A and B, 


From (92), A+ B= 180°— C. 
By (§ 95), @+4:@— 4%: tan $(4 + B) : tan $(4 — B), 


—6)tan3(4 +8 
tan Ha — 2) = Coe), 


from which 4(4 — B) should be computed. 4{4 — B) < go’, since 
pi<coo ~and42 <oo. lia >? wehave 4 > B; ifa=b, A= ZB; 
if a <a 6,A < /85, 


A=ht(A+t B)+}(A-B), and B=}(.1+4+ B)—-F(A-S). 


To find c. The angles being known, ¢ may be computcd from 
(95), as in Case I. Double computation checks the preceding 
work, 


Examples. 


1. Given a = 18 739 metres, 6 = 7.642 metrse. C = 42° 18’ 2877, 
To find A and B. 


(a — 6) tan 4(A + 8B) 
tan 4(A — B) = a a ee 
a—b = neny log (a — d) = 1.04526 
a+ = 205751 a.c. log (a@ + 4) = 8.57571 
4(4 + B) = 90° —4C + log tan $(4 + B) = 0.41235 
= ER? 50! 46” 
log tan 41(4 — £) 0.03626 


WA — B) = 47° 23" 22” 


Pees 1G 1d’ o8’’, Bex 21° 277 24" 
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pe Ce _ asin € 


Fe ae ane? = Se 
log a 1.272 7A log 3 0.88320 
are loc sini 0.04721 a. c. log sin B 0.43676 
log sin C 9.82809 log sin C 9.82809 
log ¢ 1.14805 log ¢ 1.4805 
Ae at Woe 


@ Given 7 = 400 yds ue —"5 34054 Vs ee — 0 aay aero 
Ais. A = 18° 9’ 45", C= 155° 2257", b= 144.265 yds. 


3, Given 6= 400 milesys 7 = 3605.2 miles, 4 = 12949 G7 
Ais, B= 103° 40 10cm 03 21/937 9a 97.50 ilies: 


106. Case IV. Given the three sides a, b, ¢. 
To find A, B and C, 
From (§ 97) we have 


anj4=—-, xo, / aia 
ts ~a ie 


tang es = us ; s=a+dt+e, 
i 4s — 6 
IE 
tan eee 


Compute each angle separately, and check the results by (92). 
A+B+ C= 180°. 
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Examples. 


1. Givena@=roft, d=12ft, c= 14 ft 


ssaté+tc= 36 ft. Gis ate AGE 9. 
4s = 18 ft. 


(4s — a) = 8 ft. log (4s — a) 0.90309 
(4s — 4) = 6 ft. +log (fs — 4) 0.77815 
(4s —¢c) = 4 ft. +log (4s —¢) 0.60206 
a.c. log 4s 8.74472 

2. C2002 


log K 0.51401 
he K K 
tan34 = -, tangdB = ——-, tanj{Cc= 
2 is—a@ 3 ts —0 ts— 0 
log A = 0.51401 log A = 0.51401 log ~ — 0.6401 


a.c. log (4s—a} = 9.09691 a.c. log (4s—6) = 9.22185 a.c. log (4s—¢) = 9.39794 


log tan $4 = 9.61092 log tan 4B = 9.73586 log tan 4C = 9.91195 


ec! 27 fee 25 33030 Ge — 39 13 54°, 
ee Cm 75 27° 40". 


Their sum is 180°. A small discrepancy may be due to 
inevitable tabular errors in the logarithmic values. 


2, Givena@=87 yds, b=9 yds., ¢=79 yds. 
ieee o ete o BO — 2 51’, C= 36° 52" 3 2e 


3. Given @ = 425.6, = 679, ¢ = 1034. 
ipa A On Omeeoo me 1 == 20° 16 6", C= -s7> 37° ae 
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Additional Examples. 
1. Given@i=woe yds, 4A = 38° 25 on) eo) — a 7ee 
Ans. C = 83° 52’ 12’’, a= 249.98 yds, 54 = 340.09. 


Giventaeeertgi 5, A= 74° 14°, 8 =e ee 
Ans. (C = 56 23°. b= eros 


t 


3. Given 3468, B= 79 46° 3876 = 5. so nee 
aps, A= 44" 13’ 24°, a = segs =o 


4, Giveting —920093, 92 = 106 105 C= 50, anos 
viet (22° 2 FO Gena = 100.04" a2 7 Tae 


5. Given = 55.00, 4 — 62° 6’ ort C= 5 auee cous 
Ans. A = 64° 25’ 49”, @ = 162.33, ¢ = 144.61. 


6. (Givenrai— ses cOmee = 31.425, Co 10. 14 ines 
Ans A= ORG eee == 1S4 28" Or = 7/0 ADS), 
A’ = 164° go’ 3%, BY = 5° 5/37, bf = 15.653. 


7, GIVEN a= seaectai—=—500,. 4 == 48° 12° go. 
Ans. Impossible, 


8. Given @ =o, 6 = ont — 53, 7 48; find 2, 
Ans, £ — (96, 


o, GiIVGDia = 204 2450.Nol=— Crogme yee 55 4 
Aus. B = 82° Wy fo ee eG, 2cl. 6 Onso2. 
Beso; 5 20 4) aC ee ae Oe = BORO i. 
lo, Given ¢ = o42256, = ocues4 4d as, 
Ans. Impossible. 
Ti GIVEN ¢ = 404) 7m ee Somme == 67° O30 4G 
Ans, A = 60) 1G 6) eee 95242 34) 0c — so anou, 
12. Given & = S00, —"oecw a — 126 4. 
Ans. B S337 344 or eG — 18 21 20 ig aeca, 


13. Given @ = 424.0000 = 3700054.) © — 21 47 area 
Ans. A=08 12°48 2B = 60°, 6 =150-c706. 
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14) (Given @ = 31.0005, = 15-1101, (\C = 10 156; find A and BZ. 
Ans A= 100 17 147, B= 9 24’ 46". 


15. Given @ = 062387, ¢ = .023475, B= 110° 32". 
cee == 52 1G) 33° AC = tear, 27") P= .0730635. 


10. Given a = 60, ¢= 86, ¢ = roo: 
Ais, A = 30 060 Yee mine 7 Ae" C90... 


Ty. Given @ = 120.2,.) 0 = 262.40. 9a — 208. 
Ans. A = 28° 12 04"", B= 100° 38’ 30’, C= 51° 9f 26” 


18. Given a = 608.775, 4 = 1363.656, ¢ = 949.689. 
Peru aa ee ay eee ee — a eeso) 40 4) Ca 36° Ga! 1a’ 


UO mC IME lind — 277) OO CmmE 9.108.002, 00 == 220.914. 
Ans. A = 7 24' 6. B = ag 2! 20°", C= Sie Bor AO. 


20, GIVEN @ =, S7GGmme = 00160, ¢ = .7002. 
Hs. 2] = Meee 3 56 C= 27° of 3°", 


Applications. 


107. Zo find a distance or an angle when it is impracticable to 
measure it directly, Make the required distance or angle, one of the 
parts of a triangle, so selected, that three other parts, including 
a side, can be directly measured or otherwise determined. The 
required part, or parts, of the triangle may then be computed by 
the methods already explained. 
1. To find the distance from a tree 4 to 
another, 4, direct measurement being pre- 
gp vented by a pond or lake: measure the dis- 
tances of a third point C from each of them, 
and the included angle ACB. Let 
C2 — Godse 
CA = 588 yds., 
ACE = 55 40 


Compute 4B. Ans, 592.967 yds. 
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2. To find the horizontal distance x of an inaccessible point 4 
from a point Y in sight of it: select a 
point X, frem which both 4 and Y can 
be seen; measure the horizontal dis- 
tance XY = 2.and the horizontal 
angles 


VXA=O and AVX =@. 
Then in the horizontal triangle X YA, compute YA = x. 


Example, 


Given =seco yds. 90 = 57° 35°, @ = oa isa eee oulpure 
AY = *# andi — As, 4S 600.11 yds., y = 643.49 yds. 
3. Having no instruments for measuring angles, to find the 
A ftovizontal distance VA — 2-sselecu 2 von 
_ AX prolonged, and # on the prolongation 
oA ys Measure 1 Y =a, SOD) 
Coo Xk =a and eo 
Compute the angles DXY and XYA&. 


Vise — DVXY, O= 180 — AVE: 
Compute x from a, 0 and @. 


Lxample. 


Given a = 6 cha a’ —6 420 


Compute «= 4 andy — 22. 
Ans. 8 = 59° 55’ 10° — "87 5 aes — 10.54 ch, y — one 


- 


(= 17,04, ) = 2 Cli, 6 = 2 Cle 


4. To find the horizontal distance between two inaccessib!> 
objects, £ and W, the following measurements ¢_ 
were made: 
AB = 530 yds. Ww 
BAW = 40 16, 1 Be, 07, 


WAL = 39°40), ea ae eee A 5 


Compute EW. First by computing the triangle 4 WZ, and then 
BWE. Ans. 939.62 yds. 


CORBIGMMIENG, Wave, TIBIA SUM Se 7) 


5. To firid the horizontal distance from an inaccessible point 

A A to another, #, there being but one station, 

C, from which both 4 and B& can be seen. 

Select two stations, D and &,so that Cand 4 

can be seen from JD, and C and B, from £; 

D then measure the parts given in the following 
—€ example: 


i?) 


CD 206,755, C2 — 200 yds., 
ACh = 54° 30, BHC = se 30’, 
BCA = 32> 25" 

C= 250 45. CDA = 53° 30°. 


Compute AZ. 
Suggestion. Compute CB from triangle BCZ£, and Cd from 
4CD, then compute 42 from ACB. Ans. 180.43 yds. 


6. To find the distance between two inaccessible objects, 4 and 
ZB, which lie in a straight horizontal line 
from the bottom, C, of atower 120 feet in ee eee 
height: the angles of these points below 
the horizontal were measured at the top, 
D, of the tower, and found to be 25° 30’ 
for 4, and 57° for B. Compute AZ. 


AAS 3.050 bt. 


7. To find the height of an inaccessible point 4 above a given 
A point, Yin sight of vit 
select a point X in sight 
ef both 4A and Jo 7bur 
not in range with them. 
Measure the horizontal 
distancefrom XYto Y. At 
AX measure the horizon- 
tal angle from Y to 4, at Y the horizontal angle from X to 4, and 
the vertical angle of 4 above the horizontal at Y. Compute as 
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in 2, the horizontal distance, YA’, of A from Y, and in the right 
triangle YA’A, compute the required height 4’4. 


I. Given ey — 750 yds., Wie A= 24, 
aye = 96° 28’, AVA = age 5 


Compute 4’A, Ans. YA' = 768.9 yds., A’A = 97.816 yds. 
II. Given in addition to the above, 
AXA = eae 
Compute 4”A. das, XA” = 1155.3 yds., 4° A = 218.64 yds. 


If A were below the level of Y, the angle 4’YA would be 
measured below the horizontal line YA’, and A’A would be nega- 
tive. 

8. Required the height of a hill D above a horizontal plane 
AB, the distance from 4 to SB being 
975 yards, and the angles of elevation 
at 4d and B respectively 15° 36’ and 


coe 


Ans. 587.61 yds. 


9. From the top of a louse 42 feet in height the angle above 
the horizontal to the top of a spire is 14° 13’, and from the base 
of the house, on a level with that of the spire, it is 23° 19’. Find 
the height of the spire. Ais, Tol. ogi tt, 

10, From the top of a mountain three miles high, the angle of 
depression to a line tangent to a vertical circle of the earth's sur- 
face is found to be 2° 13’ 30°. Compute the radius of the earth. 

Ans. 3976 miles. 

Suggestion, Denoting the observed angle by @, the angle be- 
tween the tangent and the chord to the base of the mountain is 
4, which enables us to compute the tangent line in the triangle 
formed by it with the chord and the mountain’s height. The 
radius is equal to the tangent line divided by tan @. 


Nee 
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Otherwise, denoting the given height by a, we have 


eer, 2R sin’ 2 
—— a 4 —-RkR= —: 
“ eee cos ® cos@ 
ee 
2 sin’— 
="? 


all 

(errr on ma 

108. Three- sain Problem.—In the swempale A BC, let the angtes 

and the sides be known from measurement and computation. 

From any point, as /, the horizontal angles BPC = a, APC = f, 

and BPA = y, are measured. y servesasacheck. Wheny=a 

+ 8, P is without; and when y = 360° — (a + £), P is within 
the triangle. 


The problem is to determine the distances AP, CP, and BP. 
Represent them, respectively, by x,zand y. Let APS represent 
the circumference through 4, Band P, and let D be the second 
point where CP, or CP produced, intersects the circumference. 
Draw the chords AD and BD. Theangle BAD = SPD, because 
Loth are inscribed in the same segment. BPD =a, or 180° — a, 
according as f is without or within the triangle. Hence BAD 
=a,or1$0°— a. Similarly, 4BD = APD = f, or 180° — £. 
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In the triangle 4D, the sidec, and the angles BAD and 
ABD, are known. Compute the sides 4D and BD. 

In the triangle 4DC, the angle DAC = BAC F BAD, and the 
sides 4D and AC, are known. Compute the angle ACD. 

In the triangle ACP, the angles ACP and APC, and the side 
AC, are known. Compute the sides AP = x, and CP =z. 

In the triangle GC, the angles BPC and Cr 1G Ac 7. 
and the side CB are known. Compute the side BP = y, 

The following figures illustrate different cases that may occur. 


P P 


In the last case, the angle BAC = a,and ABC = f; FP is on 
the circumference through 4, 2, 
and C, and the problem is inde- 
terminate. 

If one of the measured angles, 
as @, is zero, in the triangle 267. 
the angles 4CP and APC, and the 
side AC, are known. Compute the 
sides, 4/7 = 4 and G7) = 2 atien 
IIE = B= @, 

If both @ and # are zero, F is 
at an infinite distance, and the sqlution is impossible, or the points 
A, B,C and P are on the same right line, and the problem is 
indeterminate. 

Geometric Construction of P. When FP is without the triangle, 
draw AD, on the side of AZ opposite from /, making the angle 
BAD = a; and similarly, draw BD, making the angle ABD= @. 
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will be at the intersection of the right line CD with the circum- 
ference ADL. 

When F is within the triangle, construct the angle BAD = 
180° — a, and ABD = 180° — f. 


Examples, 
1. Given a = 76, 6=63,¢ = 44, APC = 89° 15’, CPB = 130° 45’; 
compute 47 =a, bP —y and CP = ; 
Ajis (A= 83) 10, Bi 557 58 4"! 
c 


ACB 25 ese 1977 ah es REUSE, 
, HCP =a" 24°36" y= 235207, 
ABP = 20 6’ 43": B= Teh yisin 


A f 2. Given a = 538.496, APC — 23 6. (2) 
6 = 610.00, APS —=a17° 6. 
G = 420.70; 
Compute Ac =e? = and CP =z 
eee O es —= 77" 26,6 = 43 4’: 
ME = G7 26° 467", iA Oo, 
ee = 19°56" 14’, —enGO1 7, 
iG TOR” 25° TA’: ces I Oro: 


po ivetheesyancame asin Ex, 20) 47’ C= 23° 9’, AP’ B=14° 60 (2 
COmpMiteei ee es = CP 3’, 

Aus. A, B and C same as aboye; 
A Ce 2G 2A. 22 ee 
Ae == 36 22" 26 i 88s ac. 
P'BC = 58° 05’ 34"; 2" = 755.23. 

4, Given @, 2-6 as in Ee 
ALO = 33° 0', APOE = iAoe 
Computes Ay (= x eae eae 

GPU = 3'" 

Ans. A, Bb and C as in x2. 
CBP = 153" 12° 4014 = terece 
ALE” = 129° 217920 39)" ongam 
CAL = 96° 62°40 a2” aca 
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5. Givensauegenas im Ex. 2. 47'7@— 2350 ,427 7 5 — 1 be 
6". Compute Ap = allt BP" =" cP" — ee 
Mis A. 2 and C asinve xs 2. 


PVACT= 145° 02! 30 0 alt! = pages 
aes == yEK" 27" 30 e FO) o1e 
eee = “87 52°32): gi! == 880-02. 


6. Given a = 76, 6 = 63, ¢= 44; a= 130° 45’, B = 89° 15’; 
compute «x, y and z. Ask = 22.5560, ) = 23.2072 — eae 

oF x = 60,700) 7 = 63:205, 2 — 47,046: 
4, Given a = 400, b = 800, ¢ = 600; a = 22° 30’, y = 33° 45’; 


compute 4, y and z.. Ans, x = 706.43, ¥ = 1041.2, 2 = 935.6. 


Part Il. 
SPHERICAL TRIGONOMETRY. 


CHAPTER 1. 
RIGHT TRIHEDRALS AND SPHERICAL TRIANGLES. 


109. In every spherical triangle six parts are considered: three 
sides and three angles. 

In order to solve a spherical triangle, it is necessary to com- 
pute the unknown parts of the trihedral formed by the planes of 
the three sides of the triangle. 

In the solution of trihedrals six parts are considered: three 
face-angles and three dihedrals. 

110. Let ABC be any spherical triangle on a sphere whose 
radius is R. Denote the angles of the 
triangle by 4, B and C, and their op- 
posite sides by a, d and ¢ respectively. 

[Pen be the centre of the sphere, 
Draw the radii OA, OB and OC. They 


are the edges of the ¢rthedral formed : 
by the planes of a, dand c¢. | 
It has been shown in Geometry 


that the angle between two arcs of great circles at their point of 

intersection is equal to the angle between their planes. Hence: 
The three angles of the triangle are respectively equal to thetr corre- 

sponding dihedrals, which are also denoted by 4, Band C, respec- 


> 
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tively. Denote the face-angles BOC, COA and AOB by a, # and 
vy, respectively. Then 


a b c 
= — ——— =— F cr) 
=e p R’ We R’ . (115 


in which a, # and y are in radians. 

Hence: The radian measure of each face-angle of the trihedral ts 
egual to the corresponding side of the triangle divided by the radius of 
the sphere. 

111. If the three planes of the face-angles of any trihedral be 
produced, they will form eight trihedrals, and their intersections 
with the surface of tle sphere will form eight corresponding tri- 
angles. 

Unless it is otherwise expressed, those trihedrals only in which 
each part is less than 180° will be considered. Each side of any 
corresponding triangle will, therefore, be less than a semi-circum- 
ference Each part of a triliedral is considered as positive. 
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112. Relations of Parts. A right trihedral has one of its di- 
hedrals a right angle. 

Let OA, OB and OC be the edges, and O the vertex of any 
eo. tielittrihedral, Wer = oo. 

Through any point P of OC pass a 
plane perpendicular to OZ, cutting OA at 
Af,and OB at N. Draw ALN, ATP and 
RB ES 

By construction, WjA7 and VF are per- 
pendicular to Of, and ATVP = B. Also; 
ALP, being the intersection of two planes 
perpendicular to that of AOA, is perpendicular to OA, Then 


ON OM 
CUS i= mcos ¥ 


OF OP 


or cos a = cos ff cos y. (116) 


~ 
cS) 
iA} 
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MPN 
ae ea 2 


Also, Sie — ar = OF 
or sin 6 = sina sin ZB; . : (rt) 
from which, by analogy, write, 
sin y = sin a sin C. aes (118) 
From the figure we have 
oo us ae 
But from (118) we have r = "sin CG. 
Hence, cos B = cos f sin C; a (119) 
from which, by analogy, write, 
(120) 


cos C = cos y sin B. 


In (116) eliminate cos 6 by (119), and cos y by (120), giving 


cos C cos & cosC 


. cos B 
Cot 4) = ee eS SSS 
sin CC sin B Sinee 9 sin Cc 


(121) 


or cos a = cot B cot C. es 


In (117) eliminate sin @ by (118), and sin B by (120), giving, 
after reduction, 
2 won Clee 


sin 6 = tan y cot C; 


from which, by analogy, write, 


sin y = tan f cot B. 
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In (119) eliminate cos # by (116), sin C by (118), and reduce, 
giving 
cos B= cot a tan 7 ees. «| (124) 
from which, by analogy, write, 


eos © = cot @ tam fe ee) 


These formulas, expressing relations between functions of the 
parts of any right trihedral,are arranged for reference in 


TABLE E. 
cos a = cos fcos y. cos @ = cot B cotrce 
sin 6 = sin @ sin BZ, sin) 7 — tani y cor, 
Siny = sin @ sin C. sin y = tan # cot B. 
cos & = cos # sin C. cos % — cola anny, 
cos C = cos y sin Z. cos C= cota tang”. 


—_— 


113. Napier’s Rule. In order to deduce a rule by which these 
equations may be formed, Napier arbitrarily substituted for the 
parts B, C and a, their complements, giving for the parts con- 
sidered f, y, 90°—"a, g0°— B, 90° — C, which are called Wapierian 
darts in right trihedrals. They are considered consecutive in the 
¥ order indicated in the figure, which is the order 


: of the corresponding parts of the trihedral, omit- 

@ ting from consideration the right angle 4. Each 

2 = part considered as a middle part has two adjacent 
‘e parts and two offostte parts. 


92a The formulas in Table E may be expressed in 
Napierian parts, thus— 
sin (90° — a) = cos f cos y, 
sin (90° — a) = tan (go° — BZ) tan (90° — C); 


sin 8 = cos (90° — a) cos (go°® — BZ), 
sin 6 = tan y tan (go° — C); 
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sin y = cos (go° — a) cos (go° — C) 
sin y = tan @ tan (90° — B); 


sin (go° — B) = cos # cos (go° — C), 
sin (go° — &) = tan (go° — a) tan y; 


sin (go° — C) = cos y cos (go° — B), 
sin (go° — C) = tan (go° — a) tan f. 


Hence the rule: 

The sine of the middle Napterian part ts equal to the product of 
the cosines of its opposite parts, or to the product of the tangents of its 
adjacent parts. 

To find the relations of &, C and y by this rule. Pass to the 
Napierian parts 90° — B, 90° — C, and y, of which go° — C is the 
middle part, 90° — Band y being its opposite parts. 


“. sin (go° — C) = cos (go° — B) cos y, 
or cos C= cos #7 Sin 4, 


which is (120). 

114. Table E contains but three independent equations, for 
Equations (121) to (125) can be formed from Equations (116) to 
(120), and depend on them. 

Of these take any three, as (11), (117) and (118). 

No one of these can be dependent on the other two, since the 
parts are different, and since the elimination of a common part 
from the two cannot produce an equation with exactly the parts 
of the one. 

To show that (119) is dependent on these three, eliminate a 
and y from the group. Thus— 


From (117), sin a=° 


é : : = sin fy 
From (118), sin y = sin @ sin C= = @ sin C. 
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These values in (116), after squaring both members and elimi- 
nating cosines by (1), give 


= ely 12 = (1 — sin’ p)(: _ es sin’ a 


sin’ B sin’ B 
sin’ 6 : ; sin’ fp , 
or oe sin? # — (1 — sin’ f) Ou sin? C, 


Divide both members by the first member and transpose, giving 
1 — sin’? B = (1 — sin’ f) sin’ C, 
or cos’ B = cos’ # sin’ C, 


which is (119) with both members squared. 
To show the dependence of (120) on (116), (117) and (118), 
eliminate @ and f in like manner, giving, after reduction, 


cos C= cos; 77 sini 4, 


which is (120) with both members squared. 
Therefore, Table E contains but three independent equations. 
115. Two parts of any trihedral are of the same spectes if they 
are both acute or both obtuse; of different species if one is acute 
and the other obtuse. 


PRINCIPLES OF RIGHT TRIHEDRALS. 


1st. Hach oblique dihedral ts of the same species as tts opposite face- 
angle, and if one ts 90° the other ts 90°. 


cos B 
cos f° 


sin Cis always positive; hence, cos Band cos # have like signs, 
and £ is of the same species as 6, 


From (119), sin C= 
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Since sin C cannot be o, or , for any possible trihedral, 
B= 90° gives 8 = 90°, and vice versa. 

od. Lf the face-angle opposite to the right dihedral ts acute, tts ad- 
jacent dihedrals are oblique and of the same species; tf it is obtuse, they 
are oblique but of different species; uf it ts a right angle, one of them ts 
also a right angle, and the other may be an acute, obtuse or a right angle. 

From (121) we have 


GOS @ = col, 2 Con CG 


iia =< 90 ,cOsua 1s positive, {scot 2 and cet G have like 
signs, and B is of the same species as C. 

If @ > 90°, cos ais negative. .*.cot Band cot C have contrary 
signs, and JZ is of different species from C. 

li a= 90 )Ces'@= 0. fiving ©= cot 2 cot C, Which may be 
satisfied by B = go° independent of C. or by C = 90° independent 
ot ZF: 

3d. Lf the face-angle opposite to the right dihedral ts acute, the face- 
angles adjacent to the right dihedral are oblique and of the same species; 
if tt is obtuse, they are oblique and of different species; if it ts a right 
angle, one of them ts alsoa right angle, and the other may be an acute, 

obtuse or a right angle. 

This follows from the rst and 2d principles, and may be proven 
directly from (116). 

4th. Zhe face-angles adjacent to an obligue dihedral are of the same 
species tf the dihedral is acute; of different species if tt is obtuse. 


From (124), COS 2 = COL & taney, 


If B < 90°, a and y are of the same species. 

lf B> 90°, a and y are of different species. 

This conclusion fails if a = 90°, or y = go. 

5th. An oblique dihedral, if not dil e to its opposite face-angle, is 
nearer than it, to 90° 


sin f 


From (117) we have sin B= —— ., 
sin a 
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If sin a=1, we have sin B=sin f; or, by the rst principle, 
B= ff. Otherwise, sin a <1, and sin B> sin f, giving B nearer 
go° than f. 

6th. Zhe face-angle opposite to the right dihedral is nearer go° than 
a face-angle opposite to an oblique dihedral. 


sin £ 
sin B 


From (117), sina = 


If Bis oblique, sin B <1, sin a>sin f. and @ is nearer go° 
than f. 
ath. Lhe difference of the two oblique dihedvals is less than 90°, and 


their sui ts greater than 90°, but less than 270°. 


1°. From Geometry, we havea> f — y. 


Passing to the polar trihedral*, we have 
180° — A’ > C’ — B’, 

When A’ = 90°, 90° > C’ — B’. 
Similarly, we obtain (oe D — C’. 

2°. From Geometry, we have 4 + B+ C> 180° 
When 4 = 90°, | B+C> 90°. 

3°. From Geometry, we have 6+ y > a. 
Passing to the polar trihedral, we have 


360° — (4+ C’) > 180° — A’; 
— (B’+ C’) > — 180° — A’; 
Bet+c’ < 180° + 4’, 


When 4’ = 90°, B’+c’ < 270°. 


* Two trihedrals are o/ar when their corresponding spherical triangles on the 
same sphere are foler, [Gcometry.] 
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SOLUTION OF RIGHT TRIHNEDRALS. 


116. Since only three of the formulas in Table E are indepen- 
dent ($114), and they involve the five quantities a, 0, y, Band C,at 
least two of them must be given in order to compute the others. 

There are six cases. There may be given in addition to the 
right dihedral— 

I, The two face-angles about the right dihedral. 

II. The face-angle opposite to the right dihedral and another 
face-angle. 

IiJ. The face-angle opposite to the right dihedral and one 
oblique dihedral. 

IV. One of the face-angles about the right dihedral and the 
adjacent oblique dihedral. 

V. One of the face-angles about the right dihedral and the 
opposite oblique dihedral. 

VI. The two oblique dihedrals, 

Unless otherwise indicated, the following general method should 
be followed: 

See that the given parts are positive, each less than 180°, and 
consistent with the principles of § 115. 

Find by Napier’s rule an equation containing the two given 
and one of the required parts. 

Solve the equation with reference to a function of the required 
part, and compute the part. 

Proceed in this manner with each required part. 

The three computed parts may then be checked by the direct 
relation between them. 

117. Case I. Given the two face-augles about the right dihedral; 
or Pandy. The formulas are: 


sin y sin 8 

= a cot 1c. = : 

cos a = cos f cos y, cot nee tan 
check, cos a = cot J cot C, 


If 8 = 90°, we have a = 90°, B= 90°,andC=y. 
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If @ is near 0°, it cannot be accurately computed from its co- 
sine, but it may be accurately computed by (124)-from y and ZB, 
or by (125) from @ and C 


Feamples. 


t Given 6 = 155° 27° 54”. 7 = 26 46° 03” wsolve themtn: 
hedral. 


Soludion Q, P 
log cos f 9.95896 a.c. log tan f 0.34059 
log cos v 0.93853 log sin y 9.69592 
log cos @ 9.89744 log cot B 0.03651 
a7 Eye meted 42° ae 407" 
ie 9/ re Bay 24' 20" 
GC Check. 
log sin f3 9.61831 log cot B 0.03651 
a. c. log tan y 0.24201 log cot C 9.56092 
low cot 9.86092 log cos a 9.89743 


Bal ere sol 
C= "5 4c erG @ 
2. Given 8 = 16°, y = 116°, solve the trihedral. 
Ans) @ = 114 55° 20 8 17 oe — 07 35 on” 


118. Casr Il. Given the face-angle opposite to the right dihedral 
and another face-angle; or a and f~. The formulas are; 


cos a : sin 
cos y = —, sin 2 = sine cos C = cot a tan f; 
cos f sin & 
check, cos C = cos y sin BJ, 


If a = 90°, and £ is oblique. we have 
y= 90°, Sea eoeana © = 907, 


If a = 90° and £ = 90°, we have 
cos y = -, sin 2 — 1, COs1G — (0 x eo, and Cosi@ "coca. 


or b= oo. 2 (Ome 
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Examples. 


1. Given @ = 140°, 8 = 20°, solve the trihedral. 
4 ’ 


Y. B. 
log cos @ 9.88425 a.c. log sina 0.19193 
a.c. log cos f 0.02701 log sin f 9.53405 
log cos y 9 91127 log sin B 9.72598 
Sco 23’ eet oe" 08’ 48" 
= 44 30° 30" Bi 932-00 4a [rst principle. 
Cc. Check. 
log cota 0.07618 log cos y orm, 
log tan f 9.56106 log sin B 9.72598 
log cos C —- 9.63725 log cos C 9.63725 


64° 17’ Bie 
C=] i115 42° 23" 


2. Given @ = 40°, # = 20°, solve the trihedral. 
ATS i ee es — 3g Oa a — OA aaa 


3. Given a = 40°, 8 = 60°, solve the trihedral. 
Ans. Impossible [6th principle]. 


4. Given a = 40°, 8 = 160°, solve the trihedral. 
PAC ema TA 830 30 — Ag 51 12, (C = 115 542) 2 aaee 


5. Given a = 140°, 8 = 160°, solve the trihedral. 
Ace Geen ees 3 == 147 5) 12 3C 04 7 437s 


6. Given @ = 160°, 8 = 140°, solve the trihedral. 
Ans. Impossible [6th principle]. 


7. Given a@ = 90°, 6 = 20°, solve the trihedral. 
Ne Go ole, Sh FO, (Cs Cee 
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& Given a = 160°, f= go , solve the trihedral: 
Ans. Impossible. 
9. Given a = 90°, B = go’, solve the trihedral. 


: (e) 
Ans. y=", B=90,C== 


low Gavenva@ = 405° 177 


41! 33”. 


20", 6B = 38 47 11 7eodscr— 1078 


119. If y and Care near 0°, and B near go*, the above formu- 
las will not give accurate angles. 
They may be written thus— 


cos @ 
oo 
Y = Cos B 

. sin ff 
sin B= ——, 
sin @ 


cos a sin f 


cos C = col a@tan 6 = aa 
ie sin @ cos f§ 


Subtract both members of each from unity, add both members 
to unity, divide and reduce, giving 


I—cosy cos f — cos@ a 
t+cosy cosfS+cos@ ~~ © ~~ * ~~ °* 
1— sin B 1 — cos (go° — B) _ sina — sin f 


go NS ot eee ee ee 
1+ sin B” 1+ cos (go° — B) sina + sin ( 


I —cosC sin a cos 6 — cos asin f 


a —=. © we ee 
1+ cosC sin acos 6 + cos a@sin 8 (4) 


Reduce the second member of (a) by (69); then, by (48), we 
have 


taniy = yee = ¥Ytan ¢(a@-+ f) tan }(@ — f). (126) 
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Similarly reducing (4) by (66), we have 


tan (90° — B yaa yen er) ‘a es (127) 


and reducing (c) by (29) and (30), we have 


fn = a 
tan 3C = sin (a + f)' * e @ 6 2a ( 8) 


formulas which give accurate results. 


LExaniples. 
MmEGivena— 14e 20,7) — 14e 21. solve the trihedral. 
Mey =e 50 = ot 24 25", C — 1 5g) 137 
PeGiven Ww —o5 , 8 = 84 59 ae a the trihedral. 
ie ats 0 6 — 00) 42k re are 


120. Case III. Given the face-angle as to the right dihedral 
and one oblique athedral; or a and B, 


The formulas, by the general method § 116, are 


: : ; cos B cos @ 
sin 6 = sinasin BL, tany= Cn (Ge = : 
B : } cot a’ cot B’ 
check, Sin? — tan y cot Cc, 


The 1st principle of § 115 will decide which value of £ is ad- 


missible, If @ is found to be near 90°, it should be computed 
from ZB and y or from @ and C, 
If @ = 90°, we have 


jaa oo , and C = 90, 


If B = go’, it requires, by (121), @ = go. 
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Lxaiples. 


%. Given @ = 1T0 46’ 20”, & = 80° 10" 30% solve the tri- 
hedral. 
Ais. fe = 67 06 48", vy = 155° 46" a6 = ene sorte 


2. Given @ = 110 46’ 207%, B= 99 (49 #30, solvestnemrn 
hedral. 
inser aie, 63! 12", yy = 94° 13°44 C= cb co heoae 


a. Givenua@ — 69 13’ 407, B= 69 49 30 , solvemtiicutr- 
hedral. 
aS ee, 2! yy = 158" 46’ 46", OC = 158 eae 


121. Case IV. Given one of the face-angles about the right dihedral 
and the adjacent oblique dihedral; or B and C. 
The formulas, by the general method, are 


cos C sin £ : 
cota = —~, tany= cos B = cos fsinC; 
tan f aC i 
check, cos 4 — | cot @ tani y. 


If B is found to be near 0°, it should be computed from f# and 
y, or from @ and C, 
If £ is 90° and C oblique, we have 


a= 60 p= oe = 00.” 
If 6 is oblique and C is 90°, we have 
a= 90°, y=, B=Z. 


li f= C=oe , We havemmca— 4. 2 — oom. 
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Examples. 
[ieGiceneoe = 0155 40 643 ,1¢ = se. 110 30” solve the tri. 
hedral. ° 
Vigna = 110° 46’ 17", ¥ = ©] Cb 53) = 1537 58 20”, 


eeGiven 6 = 155. 40 43°) © — 999 49, 30°’, solve the tri- 
hedral. 
Aes 06 9 Aye) ISO eben 1S (5a) sO. 


pGiveney = 735 945 165° == 00 17 933 4 solve the tri: 
hedral. 
Meus =92° 42 17° ff =109° {ar 30°, C = 73° 54’ 49”. 


122. Case V. Given one face-angle about the right dthedral and the 
opposite oblique dthedral; or B and B, 
The formulas for the general method are 


; sin f : tan B 

sina = ——> sin y = tan BPcot B = —— 
sin B’ Y : fanee 

F cos & : : % 

sin C = ——, and, check, sin y = sin asin C. 
cos f 


Liiee—= In — OOnmWwiich fequires = 6, and 47 = C= ogo" 

If sina <1, then a < 90°, and a’ = 180° — a, are consistent 
with the given parts, giving two solutions. 

The principles of § 115 determine which values of a, y and C 
form a triangle with the given values of 6 and Z. 


Lxamples, 


1, Given 8B = 115° 20’, B = 91° 1’ 47”, solve the trihedral. 


Computation: 


2 Y 
log sin B 9.95609 log tan 6 0232476 
a.c.logsin B 0.00007 log cot B 8.25464 


log sin @ 9.95616 log sin y 8.57941 
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6A anne” pores 33” 
=) G4 40 ro Y 177° 49° 27°’ [4th principle] 
, ° 


1G) oso” Y= 2 10 33 ed principle] 


a 
a’ 


Cc Check, 
a.c. log cos f 0.36867 log sin a 9.95616 
log cos B =8.25457 log sin € S62225 
log sin C 8.62325 log siny 8.57941 


Be 24° ae 
Cl Ngee |2diprinciple| 
(Ca OT GS 
cm 47, 6 =az01s zo’, solve thestrimedrar 
Ans. Impossible [§th principle]. 


2, Givenu? = oe 


3, Givens = 112),.¢ = 1ce , solve the triliedral, 
Ate 2 Seo te 6 = isa 4 37", B = 152027 ore 
a’ = 109° 41’ 49”’, a = a5" ie Bea B' — 27° 36° ree. 


4, Given 7 = 05 9G — 100 , solve tie trihedral, 
Ans, Impossible [ist principle]. 


. Given vy = 86°, C = 100°, solve the trihedral. 


Ans. Impossible [1st and 5ti principles]. 


ta 


an 


, Given 7 =86 0 = co scolve tite trilvedral. 
Ans. Impossible [5th principle] 


7. Given y = 68°, C = 80°, solve the trihedral. 
Ais = “Fo. 18 1 eee en ee, oor Oe yc 
a = 109 41° 46' 2) oi oy «ee = 1G a eo 
8. Given 6 = 511 360, 2 = 58° 45, solve the trihedral. 
AM. @ = 66° 20 G44) ey, fo o9 51’, C = 56 er gna 


? ° ? ve 
Q@ = 103 30° 06 Oyarzo 05, CO == 123mccmec ae 


123. If any required part is near g0°, it cannot be accuratery 
computed by the general method. 
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To deduce formulas applicable in such cases, write the fore- 
going formulas, 


. sin : cos 2 sin : cos £ 
sin 4 a a sity vo cones SUSE sin C= - : 
sin B sin & cos f cos ff 


Subtract both members of each formula from unity, add both to 
unity, divide and reduce, giving 


1— sing 1— cos (90° ~ a) sin B—sin Z 
cas peel >, ° ee 
1+ sing r--cos (90° -- a) «sin & -++ sin f 


(2) 


— cos (90° — v) _ sin Bos £ — cos sin 8 
1-+-cos (90° — 7) sin Bcos 6 -+- cos # sin f’ 


1—cos (90° ~ C) cos 8 — cos B 
1 -- cos (90° — C) cos. 6+ cos B 


ee eae (a) 


Reduce (a) by (66), (6) by (25) and (30), and (c) by (69), giving, 
from (48), 


q =. 1—cos (g0°—a@) _ 
tan 4(90°—a) = +4 / T-[cos (90° a) ae 


sin (B=B) . 
tan 4(90 =) = 4 | icp ay De races raga) 


tan $(90°—C) = + Vtan}(# — f)tand(B+ f).. . . ~. (131) 


By which a, y and C may be accurately computed. 


tan 1(B—f) 
cma) 27?) 


Lexamples. 
Pe civeny ite —er5 oo te , solve the trihedral. 
eso) ey e705 52 no). (OG = 89) 12) 20a, 
a’ = gi° Gi 2205 y’ — Or oh He ae C = go Ge oie 
geGiven {= or. = 90 50’, solve the trihedral. 
ea 66 ao ae en — 100925 55° toas 


7 ce 
° , ” — ® nf ’” es 8 : 
Ge CO Oi Kui — 7G) 3025 eC eee ee 
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124, Case VI. Given the two oblique dihedrals; or B and C. 
The formulas, by the general method, are 
cos B cos C 


Cos m= cot cot Cc, (4) cos fp — sn? (Oy 8ccs 7 = sin B (c) 


Check, cos a = cos f# cos y. 


lf B= 90, we have a = 90°, 6 = 90, and 7 — ©. 


xantples. 


1. Given B= 47° 13’ 43, C = 126° 40° 24”, solve themtri- 
hedral. nerd = 123 32°28, 6 = 32 Go 52 ay ai ee 

a Given 4 = 1s2 46’ 17°’, C= 126° 40° 24” solve themtye 
hedialmeetaea— 6 27° 327, 08 = 147° 51 0S. — tte 


2. Givedea =s032 46 17, C = 53 19’ 36° solu;cmilicmue 
hedral eAvs 13374228, GS = 147 51°08’, 7 eee 

4, Given B =Go 47° 247, C=57° 161 20”, solve the trinedualk 
ATS ee 08 5025) 6 = 57° 32! 32'7, = 51° 42 6 ae 


125. If the above formulas do not give accurate results, the 
computations should be made with the following: 
Reduce (a2) by (5), and write formulas (a), (4) and (c), 


cos B cos C cos B cos C 


ia Bin Ct emepen) °° aee 


cos a= 


Subtract both members of each from unity, add both members to 
unity, divide and reduce, giving 


I—cos@_ sin Bsin C—cos BcosC : 
1-+-cosa@ sin #sinC- cos BcosC ~~ ~ 7 ~ 2) 


1—cos # sin C—cos B _ cos (go° —C) — cos B 
(eons | sint@P cose Bice (oe SC )eacra () 


1—cosy sin B—cosC_ cos (90° — B) — cosC 
t1+cosy sin B+cosC cos (go — 2) +cosC ~ (7) 
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These, in (48), reducing (@) by (30) and (31), also (e) and (f) by 
(69), give 


eo cere Ta) 


tan 4 = Ytan 4(B + C — 90°) tan $(90°-+ B—C). (133) 
tan ty = Ytan 4(B + C — 90°) tan $(90°— B+C). (134) 
SOLUTION OF RIGHT SPHERICAL TRIANGLES. 


126. The radius of the sphere, and the given parts of the right 
spherical triangle, will determine the corresponding parts of its 
right trihedral. The computed parts of the trihedral, with the 
radius of the sphere, will determine the required parts of the’ tri- 
angle (§ 110). 

There should be given, the radius of the sphere and two parts 
of the right spherical triangle, in addition to the right angle. 


Lxamples. 


In these examples let 4 = go°. 
Teriveniv: ——0o feet, ¢ — 7 feet, 7 = 3 teet, solve the triangle. 


a@ =; radians = 40° 06’ 2577, 
f=, tadians = 17 01 19". 
Solving the trihedral, we have 
Vy = 36° 48 47” = 0.64251 radians, 
Pee oe tS C= 05 26705 3", 
ie (C2 5 It 
Hence the required parts of the triangle are 
G=0re ue oe 1S, C= 68° S65rs 
2, Given R = 100, 6 = 27.9253, ¢ = 202.4582, solve the triangle 
Aw. y=116, P=16,@= 114° 55’ 20", 2 = 200,577, 
B=17° 41’ 40, C= 97° 39' 24". 
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3. Given A = 50, ¢ = y2ee73, 6 = 1745e4, salve the. triangle 
Ais = 140°, § = 20°, = TA aeemco.. 6 — 120md 
Bas 32° 68 48", C = aise een 
a) Givenk — 25, .¢ = 30,2003) = oo 0 -m3o +. solve thestri- 
augle. 
Muewa = 06" 13’ 40°, B= Tie" 5s" ae ye G46. 
G25 OTs 6 = 67.0710, C Shiga oes 
Sa Guiven A == 100,  ="201,2940) 4 = 91 91 847 esolcumtic 
triangle. 
Ansa = 64° 41° 107, 6 = 115" 20, yy = 197 aoe 


Qe 115 18°50", vy’ = 2° 10" 33”, 
Cu 1 2.c005, ¢ = 31013017, 0 = 17795 3506 
Git==201.2007, é = 3.7975; C =) 2 ta ocae 

6. (Given A = 100, 4 = 201.2246, B = 88° 68’ 13” solvethertn 
angle. Ans. Impossible. 


7, Given A=) 2007 = 47° 13’ 43’, C = 126° 207 24 soluenthe 
triangle. 
avec. olay ge 20 = 32° 08! 52°", 97 =e a 


@ = 466.1464, Cp Ti 2173, é = 504.2256 
8, Given 4 =(F0o, =037° 13 437, C = 127° 40’ 24”’ solve the 
triangle. Ans. Impossible. 
o. Given "A= 200,92 — 457 13 43° 5°C = 126° 40’ 247" salve 
the triangle. Ans. Impossible. 
to. Given & = 100, @ = 69.8132, 5 = 104.7198, solve the tri- 
angle. Ans. Impossible. 


IsoscELES SPHERICAL TRIANGLES AND TRIHEDRALS. 


127. Any isosceles spherical triangle may be solved by drawing 
the arc of a great circle from the vertex to the middle point of 
the base. This arc is perpendicular to the base, and divides the 
triangle into two equal right spherical triangles. 

Two unequal parts of the triangle will be sufficient to deter- 
mine the triangle. 

This method may also be used to solve any trihedral having 
two equal face-angles or two equal dihedrals. 
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Exaniples. 


1, Given R = 100, @ = 225.7292, A = 177° 56’ 26’, solve the 
isosceles spherical triangle in which 4 =<¢. 
Ans. = 120020. p=7 = 64°41 10°, 
OT |) 115 18’ 50”, 
BCH 195 35) one C= = 162.5005 
or Bo Bae OU or 201.2607. 
2. Given & = 200,4°= 74 27° 267, 2 = 127° 40° 24°", solve the 
spherical triangle in which = 6, Aas. Impossible. 


BeeGivenerc = 200,404 27 26.16 = 126 40 24". solve the 
spherical triangle in which d=. 
AON ey Me == == 33 2! 28) %, 
Gee Ve Y= IO UN Gy 
= N20 ao. 24" 


QUADRANTAL SPHERICAL TRIANGLES AND TRIHEDRALS, 


128. A guadrental spherical tricugle has one side equal to a 
quadrant. The corresponding trihedral is called a guadrazia 
trthedral, and has one face-angle equal to 90°, 

Let A’, B’, C’, a’, o, c’, a’, B’, y’, represent the parts of any 
quadrantal spherical triangle and its trihedral. Let @’= 472, 
which gives a’ = 90°, 

Let 4, 2, C, a, , ¢, a, 8, y, represent the parts of the spherical 
triangle polar to the one just considered, and of its trihedral 
From Geometry, we have 


A + a’ = 180°, a-+ A" = 180", 
B+ fp’ = 180°, p+ B = 180°, 
C+ y’ = 180°, ytc = 180°, 


Any two parts of the quadrantal trihedral, in addition to a’= 
go0°, will determine two parts of its polur right trihedral, in addi- 
tion to 4 = 90°. 
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The right trihedral having been solved, the required parts of 
the quadrantal trihedral may be determined from the above 
relations. 


Lxamples. 
I. Giventa = 90, 2’ = 75° 42,7 — 16 937 solve the quacd- 
rantal trihedral. 
Ans aa = 976 25 11’, 7 = TOL S520 eo = eee 
A = Nes 34’ 49, C = 189 eq 40") 6 == Sa eae 


a, Given w= 00°, B’ = 24° 32’ 0677 C = tho 13) 52 eelae 


the trihedral. 
Ans, A’ = 37° 50’ 47”, 3" = 42° 35’ 39", y’ = 125° 58" 44”. 

The quadrantal spherical triangle may be solved from its tri- 
hedral, if the radius of the sphere is given. Any two parts of the 
triangle, in addition to the quadrant, being given, will determine 
two parts of the trihedral in additiontoa’= 90° The trihedral 
having been solved as above, its computed parts will determine 
the required parts of the triangle. 


Lxample, 
Given 3’ = 1000 mi., c’ = 500 mi., K = 400 mi., solve the tri-~ 
angle. Alice 1a = GCeo2 is A G3 a5 ee 
a ‘Oey ws 
B=147 35 22°; 
C= CS ree one, 


Applications. 


1. A military covered-way has an interior slope of 45° inclina- 
tion to the horizontal. A path, with grade of 5°, leads obliquely 
up the slope. What angle, along the surface of the slope, does the 
path make with the horizontal lower edge of the slope LAS es 

2, In a pyramid with a square base, each edge makes an angle 
of 20° with the plane of the base. Find each lateral face-angie at 
the base, and the inclination of each plane face to the plane of 
the base. Ans. 48° 21' 23”, 27 a) Oe 
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3. In a pentagonal pyramid each lateral face-angle at the 
vertex is equal to 65°. Find the inclination of each lateral edge, 
and of each lateral plane face, to the plane of the base. 

i eo 35. 10", 
28° Pal Toles 

4. Compute one dihedral angle in any regular tetrahedron. 

wi7is, 7O° 31 43°". 

5. In a hexagonal pyramid each plane face makes an angle of 
75° with the plane of the base. Find the inclination of each edge 
to the plane of the base, and the value of each lateral face-angle 
at the base. e722 48 20°. + Si 40 =f. 

6. Given the radius of the earth 3963 miles, find the d‘fference 
in longitude of two places whose common latitude is 52° 31’ 13”, 
the distance from one to the other, on the arc of a great circle, 
being 1000 miles. PUILSae 2s 158) O12 a 

7. Find the length in geographical* miles, of the arc ofa great 
circle joining Halifax—long. 63° 35’ w., lat. 44° 40’—with Cape 
Ferret (near Bordeaux, France), long. 1° 14’ w., lat. same as that 


of Halifax. Ans. 2592 miles, 
8. Same as Example 7, except that distance is required in 
statute miles. : Ans. 2988.3 mi. 


9. Find the common latitude of two places on the earth’s sur- 
face whose difference of longitude is 13° 10’, the arc of a great 
circle joining them being 693 miles. Avs. 40” 23’ 14’ N. or S. 


* A geographical mile is the length of an arc of 1' on the earth’s equator, or 
1.15 -+ statute miles. 
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CHAPTER. iE 
OBLIOUE TRIHEDRALS AND SPHERICAL, TRIANCEES, 


129. Solution by Right Spherical Triangles and Right Trihedrals, 
If from a vertex C, of any oblique spherical triangle ABC, 
an arc of a great circle be drawn perpendicular to the opposite 
c side AB, meeting it at D. two right 
spherical triangles will be formed. 
If the given parts of AAC deter- 
g Mine two parts in one, and one part 
in the other, of these triangles tl ey 
A may be solved in’succession, using 
the part common to the two right triangles as the second known 
part for the solution of the second triangle. Any oblique spherical 
triangle may be solved in this way when any three of its parts 
are given, except a, 6 and ¢, or A, B and C. 
In general, the direct method is preferable, as 1t avoids the 
necessity of computing the perpendicular arc and its correspond- 
ing face-angle. 


RELATIONS OF PARTS IN OBLIQUE TRIHEDRALS, 


180. Let O4, OB, OC be the edges, and O the vertex of any 
oblique trihedral. Through P, any point of OC, pass two planes, 
one perpendicular to OA, intersecting AOC in PL, and AOB 
in ZN; the other perpendicular to OB, intersecting BOC in 
MP, AOB in ALN, and the first plane in PW, which is per- 
pendicular to OAB and hence to LV and JZN. 

In the planes PZ and AOC, we have 


NP = LP sine = C7 sin 2 sin 
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In the planes PAN and BOC, we have 


INGE z= (VIS Big) /2 = OVP Si @? Sia 3, 


a 
=e 
~ 


NOt ca 
Sp 
NOt 


Sf2- 
XN 


/ 


Equating these values of VP, we have 
sin asin B= sin # sin A: 


sin@w sin f 


or 5 = + 265 
4 sin A sin B 


ee: sina siny 
Similarly, inna = a 


147 


(35) 


(136) 


That is, the stnes of the face-angles are proportional to the sines of their 


opposite dthedrals, 


131. Through Z draw LA perpendicular to OB, Through V 


draw A’X perpendicular to ZZ. 


cos @ x Gif _ OH , HM 
SZ OP OP 
Ole OC cosiyi=— OF COs. Cos 77. 


WVMHK isa parallelogram. Hence, 
HAL = KN, 
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The triangles ZKN and OHZL have their homologous sides 
perpendicular, each to each, and are therefore similar. 


AN ere 


Hence, TN = Ob a sin y, 


anda wey = 24 sin y= £P cos A sim 3 =O sin 6 cosa ona 


Therefore, 


HM = OP sin 8 sin y cos A, 


Hence, cosa=cos Pcosy+sin #sin ycosA.. . . (137) 
Similarly, cos 6 =cos acosy-+sin asin ycosB,. . . (138) 
cosy =cosacos#-+sinasin fcos C.. . . (139) 


That is: the cosine of any face-angle ts equal to the product of the 
cosines of the other two face-angles, plus the product of their stnes multi- 
plied by the cosine of their included dihedral, 

132. Resume the preceding notation, and denote by 4’, B’, C’, 
a’, ', y’, respectively, the dihedrals and face-angles of the corre- 
sponding polar trihedral. 


OBLIQUE TRIHEDRALS AND SPHERICAL TRIANGLES. 149 


From (137), (138) and (139), we have 


cos a’ = cos f’ cos y’ + sin f’ sin y’ cos A’, 
cos f’ = cos a’ cos y’-+ sina’ sin y’ cos B’,}.. . (4) 
cos y’ = cos @’ cos f’ + sin a’ sin 8’ cos C’, 


But by Geometry, 


a = 180°— A, ff =150 — Fy = 180 —C, 
a = 180 — a, Bb 180 — pac — 180° — 77; 


Sinem) == sind. cos a’ = — cos A, 
sin pf) = sin A. cos f’ = —cos B, 
etc. = etc. etc. = etc. 


Which in (a), after multiplying both members by — 1, give 


cos A= —cosBeosC+sin BsinGcosa, . . (140) 
cos B= —cosAcosC+sin Asin@cosf#, . . (141) 
cos 0 = —cosAcosB-+sin Asin Beosy. . . (142) 


That is: the cosine of any dihedral ts equal to minus the product of the 
cosines of the other two dthedrals, plus the product of their sines multi- 
plied by the cosine of their included face-angle. 
133. The construction being the same as in §131, we have 
LH=LK+MNM.. (a) 
The right triangle OAL 
gives 
LH=TLOsin y 
= OP cos f sin y. 
The right triangle VXZ 
gives 
LKE=NL cos y 
=PLcos A cosy 
= OP sin Bcos y cos A. 


° 


a ee, 
~ oe me we, 
~ ee 


> 
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The right triangle PV gives 
NM= NFP cot B=PLsin A cot B= OP sin 8 sin A cot B. 


Hence, substituting in (a2), and dividing both members by OP 


sin £, we have 


cot # sin y=cos y cos 4+sin A cot B. 


Similarly, we obtain 


cot asin y=cos y cos B+ sin B cot A, 
cot y sin B=cos / cos 4 + sin 4 cot C, 


134. Solving (137) with respect to cos 4, we have 


cos a — cos fcos y ae 


cos 4 = : 5 
sin fsin y 


From which 4 may be computed, knowing a, # and y. 

To deduce a more convenient formula for logarithmic compu- 
tation, subtract both members from unity, add both to unity, 
substitute in (44) and (46) respectively, and we have 


fe sin § sin vy — cos a + cos fcos 
2sin?44 =1 ra re NA Ii SC 108 (7 
sin 6 sin y 


3 


; sin 6 sin cos a — cos fcos 
2cos44=1+cos4= Siu AdESiN) 7. cic COS Sc aGenW akan 
sin # sin y 
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Reducing by (31) and (30), and then by (63), we have 


cos (8 — y)— cos @ _ 2 sin a+ 6 — Ee IED i ed) 


asint dd = Sere (a) 
Wee COS ie COS a ae 2 sin By $a) sin Ey — 8) 
ee ee oc eo Fe “sin Bsiny 0) 
Let atP+y=s, 
then Bty—-a=s -2a, a—P+y=s— 2f, 
and at fi-yas—2y; 


which in (2) and (4), after dividing both members by 2 and ex- 
tracting the square roots of both, give 


RRA = 4/ sin (8 - (4s — #3) sin | A) sin (3s — y) 


sin 6 sin y (144) 


sin 3s sin (48 — a) 
sin # sin y 


cos 4A = (145) 


Similarly, from (48), or by division from these, we have 


ne ee 


_ ,/sin (4s — £) sin (4s — y) 
tan 4A = (ges Ts sin(js— a)” o 8 (146) 


which, in general, is preferable. 
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If more than one angle is required, let 


re ny (4s — a) eo B) sin (45 — vy) Gan 


which is symmetrical with respect to a, Band y. It gives 


h 


tan 44 a sin (ds — a)" 5 


(148) 


The plus sign is used in the second member of each of these 
formulas, since 44 < go”. 
135. From (140) we have 


cos B cos C+ cos A 
sin B sin C ie eS) 


cos a4 => 


from which a may.be computed if 4, B and Care given. 
For convenience of logarithmic computation, (149) is trans 
formed as was (143) in § 134; and assuming 


4+ B4+C=S, 


we have 


sinta = / — 008 48 008 (JS — A) 


sin B sin C (150) 


fe eG) ae 


cos za = 
t sin B sin C 


— cos 48 cos ($8 — A) 
cos (48 — B) cos (48 — C) 


tanja = (152) 
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Using the sign + in each second member, since 3@ < go°. Plac- 


ing 


— cos 3S 
laa V5 (45 — A) cos (4S — B) cos 4S — C)’ 


(153) 
which is symmetrical with reference to 4, B and C, we have 


tanger = Coss One) ee (154) 


Equations (150), (151) and (152) may also be formed by apply- 
ing (144), (145) and (146) to the polar trihedral. 
136. Gauss’ Equations. 


sin 3(4 + B) = sin ($4 + 3), 


or, by (32), 
= sin}4 cos $B + cos $4 sin 3B, 


and, by (144) and (145), 


Sond sina) si bs Sinn go) 
sin # sin y ; sin @ sin y 


Ea 4/ sin $5 sin ($s — a) sin ($s — a) sin (fs — y) 


sin @ sin y ’ sin @ sin y 


= sin (4s — f) j/ sin as sin Gs = y 45 sin (45 — =) 


sin y sinasinf 


sin (45 — a) 4/ sin gs sin ($5 --'y), 


sin y sina sin B 
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or reducing by (145), we have 


sin}(4 + B) = ate fee — a) 


But by (60), (61) and (36), we have 


sin (fs — 8) + sin (js — a) = 2 sin dy cos f(a — A), 


sin (4s — 8) — sin (1s — a) = 2 cos $y sin 4(a — £), 


and Sil yy =" 2)sin sy cos 44. 


(ay = 
Hence, sind(d + B) = ae cos $C, 
2 


: sin 3(@ — : 
sin}(4 — B) = eS cos $C. 


Similarly, 


cos 4(4 + B) = cos 44 cos$B F sin 44 sin 4B 


7 ye $s sin (3s — a) sin ds sin (4s — f) 
7 sin 6 sin y sin @ sin y 


= (#28, ee eee 


sin a sin 8 


sin y sin 7 


cos $C. 


(155) 


(156) 
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5 

E ee ea Hee 
giving cos $(4 + B) = eee! sigs Go. > =) (157) 
come ey = er 22) oe) he, 


Equations {155), (156), (157) and (158) are known as Gauss’ 
Equations, 

137. Napier’s Analogies: From (155) and (157), by division, we 
have 


tan 3(4+ 4) = 


or cos }(a-+ f): cos $(@ — f):: cot 4C: tan $(A+B). . (159) 


Similarly, from (156) and (158), 


tand(4 — B) = are cot 3C, 


or sind(a + A): sin (a — f) :: cot 3C: tan }(A—B). . (160) 
From (157) and (158), 


cos $(4 + B) _ tan $y 


cos }(A — B) tan f(a + f)’ 


or cos 4(A + B): cos }(A —B) :: tan ty: tan }(a@+ f); . (161). 
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and ‘from (155) and (156), 


sin }(4 + B) _. tan hy 
sin 4(4 — B) tan d(a — fy’ 


or sin }(A +B): sin 3(A — B):: tangy: tand(a—f). . (162) 
These four proportions are known as Wafier's Analogies. 


PRINCIPLES OF OBLIQUE TRIHEDRALS. 


138. In every trihedral considered: 


1. Each part is less than 180° (§ 111). 
Il. Zhe sum of the face-angles is less than 360°. 
Ill. Bach face-angle is less than the sum, and greater than the differ- 
ence, of the other two face-angles, 


IV. The sum of the dthedrals is greater than 180°, and less than 
°o 


540°. 
V. Lach dihedral is greater than the difference between 180° and 


the sum of the other two, and less than the difference between 180° and 
the difference of the other tiwo. 


By the 4th principle we have 


A+ B+4C> 180°, 


Hence, A> 18s (2 + CC). 2 Fae. a ee 
The 3d principle applied to the polar trihedral gives 


a’ <f'+y’, 
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or, passing to the trihedral considered, 
180° — A < 180° — B+ 180° — C, 
or AS Ciscoe sells «ss (OB) 
Similarly, 
C>A+ B— 180°, and B> A+ C — 180", 
from which, by transposition, we have 
A < 180° —~(B—C) and A < 180° — (C — B), 


which, with relations (a2) and (4), establish the principle. 


VI. A greater face-angle lies opposite toa greater dihedral, and 
vice versa. 
For, by Geometry, a greater side lies opposite to a greater 
angle in the corresponding spherical triangle. 
VIL. An oblique face-angle which differs from go° as much as, or 
more than, another face-angle, ts of the same species as tts opposite at- 
hedral, From (137), 


cos @ — Gos) cos 7 = sin Osin 7 cos 4. . . 9. (4) 


Let @ differ from go° as much as, or more than £, Then cos @ 
is numerically equal to,,or numerically greater than cos #; and 
since cos y cannot exceed unity, cos a@ is numerically equal to, or 
greater than cos f cos y. 

The first member of (c) can be zero only when 4 = 90° and 
ido 4 Wich neqtires:a — 90. (9-117) 

Hence, if @ is oblique, cos a determines the algebraic sign of 
the first member, and must have the same sign as cos 4, which 
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determines the sign of the second member. Hence, @ and 4 are 
of the same species. 

VIII. An oblique dihedral which differs from 90° as much as, or 
more than, another dihedral, is of the same species as its opposite face- 
angle. From (140) we have 


cos 4 + cos & cos C = sin B sin Ccos a, 


from which a proof entirely analogous to that of the preceding 
principle may be made. 

IX. At least two face-angles must be of the same spectes as thetr op- 
posite dihedrals, 

This follows from either the 7th or the 8th principle, unless 
the trihedral is bi- or tri-rectangular. 

X. The half-sum of any two face-angles ts of the same species as the 
half-sum of thetr opposite dihedrals. 


(159) gives 
cos 4(a + A) tan }(A + B) = cot $C cos Ha — fi), 


in which, by the rst principle, 3C and 4(a@ — #) are each < 90°. 
Hence, the second member is positive, and cos $(a@ + #) has the 
same algebraic sign as tan 3(4 + 4). This requires 4(a@ + f) 
to be of the same species as $(4 + ZB). 

If 3(@ + f) = 90°, we may write, (159), 


tan #(4 4 2) = 5% = Tea 


which gives tan $(4 + B) = 0, or #(4 + B) = 90°. 

If $(4 + ZB) = go°, it may be shown that $(a@ + £6) = 90°. 

139, Solution of Oblique Trihedrals There are but three inde- 
pendent equations among the formulas which express relations 
between the six parts of any trihedral. Any three parts will, 
therefore, determine the others. 
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There may be given— 
I, Three face-angles. 

II, Two face-angles and their included dihedral. 

(II. Two face-angles and a d‘‘iedral opposite to one of them. 

IV. Two dihedrals and a face-angle opposite to one of them. 

V. Two dihedrals and their included face-angle. 

VI. Three dihedrals. 

In every case the three given parts should be tested by the prin- 
ciples of §138, which should be satisfied before attempting any 
solution. 

Unless otherwise directed, the required parts should be com- 
puted directly from the given parts by means of the foregoing 
formulas. 

140. Case lI. Given the three face-angles; ov a, B and y. 

Either of formulas (144), (145) or (146) may be used, The 
last is usually preferred; and if more than one dihedral is required, 
its medification, expressed in (148), as follows, 


tan 4A SS Se 


Ciel i a4 / 22 (4s — a) sin (45 — A) sin (45 — y). 
should be used. 

By principle IT, (4s — a) < 180°, and it is positive by prin- 
ciple ITI. Hence, each factor under the radical sign is always 
positive, and 2% is always real. 


Examples. 


meGivensec= 101 og 10; 6 = 108° 43° 30°, vy = 1rs0° os” 2ouy 
solve the trihedral. 


Solution. 
Qo ==101. 6G 10” a<fpty, a>y—f. 
jp "165 43 40” eis eo) ee 
y = 150° 08! 20!” ee fo (4s — a) sin [ae fs) sin (45 — v) 
5 359° 58’ 00!” a 
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ts = 179 59°00 ° a. c, log SInFye =. 3.55007) 
i Ao No 50)” log sin (4s — a) = 9.99169 
is — B= Fr 15’ 30” log sin (45 — 9) = 9.97634 
3s — y = 29° 53° 40" log sin (js — y) = 9.69758 
3.20189)2 


log 4 = 1.6co094 


h h h 
tan td = na)’ taniB= Res =a tan inten 
log h = 100004 log h = 1.6009f 
ave log sin (4s — a) = 0.00830 a,c. lop sim(ss — 7) cre2 400 
log tan }Ad == 1hO0O25 log tan 3B = 1.62466 
So 5 2a SS) ee gen 
log h = 1,00004 

A. C. 1Om sity) — 0.30242 A= 177° Towne 

B= 177° 10esoe 

log tan $C = 196436 C= 7S" saan 

89° tay oo. 


2. Given @ = 75 22 90 = 45 40 11 7 — 00 39), Scivemmme 
trihedral. 


Ans. A= in 16. hee 


Soa a 25 CU nes aie ane 


5, Given @ = 76 291 18 9a 99g 91 30 7 7 — 022.9 wie 
find) @= 122° 16 24°. 


141. Case Il. Given two face-angles and their included dihedral; 
Or@ep and ©. 

To compute 4 and JB, we have the first and second of Napier’s. 
Analogies (159) and (160), as follows: 


cos 4(a + f): cos }(a@ — A) 3: cot 3C: tan 3(4 + ¥), 
sin ¢(a@ + 8): sin 4(@ — ) i: cot 4C stan 4(4 — ZB). 
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The former will determine 4(4 + J£), the latter 4(4 — 2). Then 
we have 


A=3(4+ B)+4(4 — 9), 
B= t(A Beye BI. 


Care should be taken to ascertain the algebraic signs of 
tan 4(4 + B) and tan $(4 — BS), in order to determine the species 
of (4+ £4) and the sign of 4(4 — B). If the greater value be 
always: denoted by a, and the lesser by £, it will be sufficient to 
find the species of }(4 + &) from § 138, X. 

‘Yo compute y, we may use the third, (161), or fourth, (162), of 
Napier’s Analogies, or the proportion of the sines (136). The last 
shquld not be used if C is nearer to 90° than both 4 and JS, as the 
8th principle of § 138 would then fail to determine the species of 
y. It may always be used as a check. 


Lxamples, 


° 


1. Given @ = 62° 38’, 8 = 10° 13’ 20, C= 150° 24’ 12”, solve 


the trihedral. 


fan M42) = Set 8 cotdC, tan}(4—B)=2" coma cotsc. 


2(a + 3) = 36° 25’ 40", 
3(a@ — f) = 26° 12’ 20”, 
$C = 75 bo 00 


a.c. log cos $(@ + £) = 0.09442 = a.c. log sin $(a@ + A) = 0.22635 
+ log cos (a — f) = 9.95290 + log sin $(a@ — £) = 9.64502 


+ log cot 1€ =—g 42100 + log cot $C = 9.42190 
log tan 3(4 + B) = 9.46922 log tan 3(4 — &) = 9.29327 
26° 24 a 11° 06’ 53% 


.( 4-2) 10 eae” 4(4 — B) = 11° 06' 53 


See ypee gy ie Sey Ba 
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To compute y, we have, by (161), 


tan dy = = ee tan 4(a@ + £). 


a. c. log cos (4 — B) = 0.00822 
+ log cos $(4 + B) = 9.98193 
+ log tan $(a@ + £) = 9.86806 
log tan hy = 6502 
35° 48" 32”” 
y = 71° 37’ 04" 
sin @ Be sinyeen sini7 
sind sin B” sinc 
log sin a=9.94845 log sin B=9.24912 log sin y=9.97728 
a.c. log sin d=0133517 ac login 2 — 1.03440 a.c. log sin'C —oane, 


Check, 


0.28362 0.28361 6.25303 

This discrepancy corresponds to an error of only 0’’.6 in BZ. 
More accurately (A -— B) = 16" 245175, 3(4A — 4) =i 653 
endless == G ) 17 5.0) 22) 

2. Given @ =68 4672 3h =@7 16 7G = 36 23°, ind’ —= 125) 
59’ 47", B= 33° 45’ we, y= TO ee ae 

3. Given a = 132 460° 420 go so 900 , ( — 06 ss aoe 
find A = 1427 10 237.8 = omen 

142. Case Ill. Given two face-argles and a dihedral opposite one 
of them; or a, B and A. ; 

To compute B, (135) gives 


> 


sin 6 sin-A 


Sia 2 = : 
sin @ 


(2) 


Hence, log sin B = log sin 6 + log sin 4 — log sin a. 


1°. If log sin B > 0; sin B > 1, which is impossible, and 
there is 20 solution. 
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e sitloe sin 2 =o: sins =a, and 2 = 90, civine birt ae 


possible solution, a right trihedral. 

3°. If log sin B < o*; sin B <1, giving two supplementary 
angles, which we denote by Band B’”, 

If 6 is not nearer to go° than a, B must be of the same species 
as f, giving one solution only. 

If 6 is nearer to go° than a, both #and &” are admissible, 
giving, as we shall see, two solutions. 

To compute Cand y. We have, from (160) and (162), 


cot tC = reg tan 4(4 — B), 


_ sin (4+ B) 
cae sin 4(A — Z) 


tan 4(@ — £). 


To show that the above formulas give double admissible values 
for C and y when we have double admissible values for B, we 
note that, in this case, a and A are of the same species because # 
is nearer 90° than @; also sin @ < sin (, giving in (a) 


sin 4 < sin 4 or sin 2’, 
Therefore, 4 is farther from 90° than Bor BY’, Hence— 
st. Ifa@ > £, we have 
a@ > 90°, 4 > 90°, and A > Bor B”. 
2d. Ifa < £, then 


a < 90,4 < 90°, and 4 < Bor B". 


* Practically log sin B cannot be less than — Io. 
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In either case the above formulas give positive vaiues for cot 4C 
and tan $y with Bor B”, Hence, both values of Cand y are ad- 
missible, giving two solutions. 

The values found tor C and y may be checked by (136). 


Lxamples, 


meGivenia = 79° 12’ 167 8 = 11g 039 76.74 =n teteo aan. | 
solve the trihedral. 


Solution, 
F sin A log sin 6 = 9.94158 
sin B = sin 6 = ese oa 
sin @ log sin A = 9.92905 
ac. loo sin @ — 6.co7 7, 


log sin’ B = 9157538 
49° OG cel 


B= 130054 Sseanlstje, Vil or VI). 


1¢ = sin(# + @) See 
cot $C = — aaa tan 4( Al) 
sin 4(B + A) 
ly = = 4(6 — a). 
tan $y sin 4(B — A) tan 3(f a) 
ff + a = 198° 15! 36" 4(B + &) = 99° 07° 48” 
B-az= 39° 51° 16”" (6 —a)= io” 5s’ Ae 
B+ A = 189° 02’ 30” $(B + A) = 94° 317 15” 
B-—-A=- 72 AO sone 4(B — A) = 36° 23’ 15” 
log tan 4(B— A) = 9.86743 log tan 3(8 — a) = 9.55934 


log sin 3(8 + @) = 9.99446 log sin $(B + 4) = 9.99865 
a.c. log sin $(f8 — a) = 0.46747 a.c. log sin }(B — A) = 0.22676 


log cot 4C = 0.32936 log tan ty = 9.78476 
16 = 25 O5ancs | ay = a1 2050 
€= So i 46" Ves (oe al Gee 
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ence. a a 2 sin A 
sin y sin @ 
log sin C 9.88551 log sin A 9.92905 
a.c. log sin y 0.05129 a.c. log sin @ 0.00775 
9.93686 9.93080 


a 


pe Giveniai= 4° 2730 6 = 82s 7, 4 20 327 20; 
solve the trilhedral. 
Visite enor Co =9130 43 fo", 7 = 105. 35 48. | 
Boer gS BO iG 32 20 20077 = 74s 16" 187 


3. Given @ == 136° 32’ 24, 8 = 82° 58’ 17", A = 29° 32’ 29”, 


solve the trihedral. Ans. Impossible [§ 138, VII.]. 
Pe Givcum— 793) 272 = 82° 5817, A = 29 32° 297, 
solve the trihedral. Ans. Impossible (135). 


Pe Givenla = 163-20 33", 9 = S258 177, 4 = 29° 32720 % 


solve the trihedral. Ans. Impossible (§ 138, VII, and (135)]. 
GuGiventa = 97 35,7 = 27 6s 22,4 = 40 51 18”, solve 
the trihedral. 
Pye — 017 31’ a9, 6 = 144" 48 to, 8 = 119° 08 25°. 


puGweQa ==05q057' 05) f= 144° 15 54 , 4 — 144 920) Aa 


find B= 59° 12’ Le & = 290 itd He 
BY’ 120° age ast, C’= 97° 42" 48 


P 


8. Given @ = 99° 40’ 48", B= oe 23/15", A = 95° 38’ 4", 


iy = Oomraaroe. C = 97 26 20, B = 65° 337 
If B is near go°, it cannot be accurately computed from its 
sine. The method by auxiliary right trihedrals (§ 129) may then 
be used. 
143. Case 1V. Given two dthedrals and a face-angle opposite one of 
them; or A, Band a@ 
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The solution, when possible, may be made indirectly by pass- 
ing to the polar trihedral which corresponds to Case III.; other- 
wise, thus— 

To compute B. (135) gives 


sin @ 
sin 4° 


sin 6 =: sin B 


Hence, log sin 6 = logsin B + log sin a — logsin A. 


1°, If log sin #8 > o; sin £ > 1, which is impossible, and there 
is no solution, 

2. li loe singe =o; sin 6 = 1, P = 90 . giving but one pose 
solvtion, a quadrantal trihedral. 

3°. If log sin 6 < 0;sin 6B < 1, giving two supplementary 
angles, both of which are admissible only when & is nearer to go” 
than 4, 

To compute Candy, (160) and (162), Napier’s Analogies, may 
be used as in Case I1J., and the results checked by (136). 


Zixamples, 


1. Given A = 66° 166 = ee Gesie 2a = 57. 384 sclveqic 
trihedral. 
Ais. (B= 5070) 57 eS U8" Oe Fe 26 ace 
2, Given 4d = 50° 12%, C = 15a soe. @ = 62° 427, solve thei 
hedral. 
Ais, VY = 79 12° to Quyee=eura 03’ 207) Bo 91 .o aoe 
y= 160° 47’ 50", ie = 152° 14! Tee Filles 156° 15! Bal 


3, Given B = 82 5S’ 16 9pe — 434 29 30° ee = seo ed 

solve the trihedral. 
ae B = 45° Bel 05”, oS 40° nia 40”, A= 62° 24! 20/7: 
B= 134° 38 55", = 142° 20 20 eee ee 
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La 


Wy Given 4°= 61" 37’ 53”, 2 = wee 54° 34.5, B = 150° 17 
26’’.2, solve the trihedral. 


° as 
Any = GE 38’ ue 


ReGrivened == G0 12, 8 = 68°08, w= 162° 42". 
Ans. Impossible. 

If 6 is near go°, it cannot be accurately computed from its 
sine. The computation by auxiliary right trihedrals (§ 129) 
should then be made. 

144. Case V. Given two dihedrals and their included face-angle; or 
Eee alGdey, 

To compute @ and f, we have the third (161) and fourth (162) 
of Napier’s Analogies, as follows: 


cos $(4 + B&B): cos}(d4 — B):: tan fy: tan f(a + £), 
sin $(4 + B): sin $(4 — B):: tan dy: tan ¢(a — £); 
from which 3(@ + £) and 4(a@ — f) should be computed. 


a=HHa+ f)+ia—f), B=Hat f) — Ha — fp). 


To compute C either the first (159) or second (160) of Napier’s 
Analogies, or the proportion of the sines, may be used. The last 
should not be used if y is nearer 90° than both @ and #, as the 
species of C would not then be determined by principle Vil. of 
=138. It is usually taken as a check formula. 


re 
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Examples. 


h. Givenett——s1 36 20°, =" 70) 09) 23 sate =50 10 2277 
solve the trihedral. 


ioe == FO 64’ 17°", f= 62 21° 


2777, C = 64° 46’ 24” 
e,Givend = 160 20’, B= 933° 22° 10 y= ee ete wolves 
the trihedral. 
Aya == 158 So’ 22"! | G= 36" co) 18’ (eG a7 ae 
145. Case VI. Given the threé dihedrals; or A, B and C. 
To compute a, 6 and y, we may use (150), (151) or (152). Ii 
more than one face-angle is required, it is best to use (153) and 


(154). 


ees), —cos 4S ; 
~ " cos ($5 — A) cos (4.5 — B) cos (fF S— C)’ 


tan fa = A cos (4S — A). 
It should be noted that by Principle IV. of § 138, 
180 .<.S 540  eomoomwieys << 276". 
which gives a positive value for — cos $8; also by’ Principle V., 
A> B+C— 180°, 
or 180° > B+C—A,.'. 9° >4(B+C— A), 
or go° > 3. S—A, which gives a positive value for cos (4.5 — A). In 
like manner, each other factor of the value of H may be shown to 
be positive. is therefore real for all values which satisfy the 
above tests. 


The proportions of the sines (135) and (136) may be used as 
checks. 


\ 
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Lawmples, 


Givens == Oc 028 (howe —I6C Gol nfO 210 = 73> 37° 10'’. 
m= 65 28) 50” 


— 


Baie oe 1/2 Ie ae 
C = 73°37! 10” ~ " cos ($5 —A) cos (4.5 —B) cos (4S—C) 


4S = 995 Ol 20” + log (— cos 4S) = 8.94222 

4S — A = 29° 32’ 30” a.c. log cos (4S — A) = 0 06048 

45 — B= 44° 04’ 40’ =a. log cos (4.9 — B) = 0.14363 

Fo © = 21 24740 a,c, log cos (8S — C )i = 0.03103 
9.17737 )2 

log H = 9.58869 


tan 4a = H cos (4S— 4), 
tan 48 = AH cos (4S— 4), 
tan 4y = A cos ($S—C). 


log 7 = 9.58869 9.55869 9.58869 
log cos ($}S—A)= 9.93951 log cos (}S—&)= 9.85636 log cos ($S—C) = 9.96896 
9.52820 9.44505 : 9.55765 

Tose35) 1S) ng Bl 03” 1g° 51° 21" 


ws 37° 17’ A, p= ae 08! 26", p= 39° 42! 12'' 


sina sin ff siny 
ce cin ©) Sino. 


- 


log sin @ = 9.78240 log sin f = 9.71360 log sin v = 9.80545 
a.c. log sin A =0.0410} a.c. logsin B=0.10984 a. c. log sin C = 0.01799 


9.82344 9.82344 9.82344 


= 
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2, Given 4 =640 98 = 125° 207, C= Ga en solve pile teme 
hedral. 
MiSs 30 30°, ff = 11d 20 sy Omy a —s530 12 ee 
4, Given@ie= 125 20’, 6 = 102° 407710 —_oommio | 
Ans, Impossible. Compare A with 180° —(4 — C). 
AeGiveliel —wG 70, = 125 26.30 — i) -ommaie 
Ans. Impossible. Compare 4 with (B+ C) — 180°. 
146. Solution of Oblique Spherical Triangles. Any oblique 
spherical triangle should be solved by means of its corresponding 
oblique trihedral at the centre of the sphere. The radius of the 
sphere and any three given parts of the spherical triangle will 
d-termine the three corresponding parts of its trihedral (§ 110), 
which should be solved. The computed parts of the trihedral, 
together with the radius of the sphere, will determine the required 
parts of the spherical triangle. 


Lixantples. 
Given ¢:—s07 0 5449, Peele oO. 7 505.6 — gor 9, & = 100, solve 
the eae rae 12 Soe p~ 
Ai. @¢ =TOl iG loeeo — es 43° 30°. 3/7 = 150) en wee 


°o 


A= 77 io coe e—oh77 0 50, C == 178 sae uae 


2, Given @ = 327. 0470n — Go eee = 150° 24 9i2 “ave —saoe 
solve the triangle. 
Als it =Ge 357, (llores 20. =F Bac 
A= 27 31 460 eee 50 6 — 3 omoo: 
3. Given @ = 34.5557, O=5 1-940, 4 — 58 OS, ecole 
the triangle. 


Ais: ©= 76° 12" 16 eg 03 20, 7 = Orr cae 
B= 130° 54’ ae C= 50° 11" 56", ¢ = 27.3585. 
4, Given @ = 109.4321, 4 — se 12, C= 53 "oo. mice 
solve the triangle. 
Aes Oe" 48" B= 11g, 03°26", yo) ee 
fo S152eein’ 18") 7" seca 
B =i1g0° 5a! 28’, f= omen 9: 6 =Toae o: 


175.9244. 


II 


BoS=150 15) COR) = — one sie C 
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RemCVeMece—N oOs,.4,="ol 38 20°’ 7) == 40° 09 38", R= 
400, solve the triangle. 
Ama 7TOros (hy iu log artery == 50 16° 2277: 
a = 489.1905, f= eee OC = 64° 46" 24’, 
GmeG Ieee 05 025 504s — omsso dol. C =.73 37" 10°’, 
FR = 500, solve the triangle. 
NSO — 325 270.753, 6 oars, 
147. Area of a Spherical Triangle from its Angles. Denote by 4 
the area of any spherical triangle. and by Z its spherical excess 
expressed in radians. 
From Geometry, the area of the triangle is equal to that of a 
tri-rectangular triangle [i.e., $ the surface of the sphere] multiplied 


aes : : 2 2 
by the spherical excess expressed in right angles, i.e., by & X a 


Flence, a 
8 4 


or Aes BR. 


That is: the area of any spherical triangle is equal to tts spherical excess 
in radians multiplied by the square of the radius of the sphere. 

The angles of the triatigle are usually given or computed in 
degrees, and 


A+ B+ C— 180° 


is the spherical excess in degrees. Hence, 
fae 46 = 485°] 
~ 180 “Tea 


gives the excess in radians, 
The area may be found when any three parts of the triangle: 
are given, by computing such angles as are not given, 
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Lxamples. 
alGivenwai—t9,° 16, 2 = 80° 42" eG eG, 21 ene 
ft., find the area of the spherical triangle. Ans. 5.945 sq. ft 


2. Given @ = 109.315%, 6 = 17.8411, C = 150° 24! Week: S169 
yds., find the area of the spherical triangle. Avs. 564.128 sq. yds. 
Sm ovenere = 150 ft, @— Gitte = 43 1, andi "site 
compute the area of the spherical triangle. 
Ans. A = 142° 38! 22”, B = 25° a2! 30" C= 10° 24’ 40”, 
A = 278.6 sq. ft. 
Applications: 
148. 1. Zo find the angle between two stars when tt cannot be meas- 
ured directly, 
Let O be the point of observation, OA and OF the lines of 
% sight to the two stars. Let vertical planes through 
OA and OF intersect in OC, and cut OD and OZ 
from the horizontal plane through O. 
Measure directly the horizontal angle DOZ 
~ between the vertical planes, also the arigles DOA 


. and £OB of the stars above the horizontal plane 
ODE. 
: OA, OB and OC are the edges of a trihedral in 


which @ = 90° — LOB, B= 90° — DOA, C= DOE, all being 
given by measurement. The required angle y may then be com- 


puted (§ 141). , 
Lxamples, 
mu Given (fig.) DOA = Fe.m6 10, 205 — 27 22.008 = 
[50 24 fe 4 compute 402 Aus 4h Ay aOAle 
2. Given (ig) DOA sec HOD = 21 3 560 ee = 
39° 23’, compute 4OZ, Ais. 43° 37 352 


Il. Lunowing the radius of the earth, and the latitudes and longitudes 
of two points on its surface, to find the leneth of the are of a great circle 
Joining then, 

Let 4 and # be the two points, P the north pole. Through 
/ and A, P land 4, A and #& draw arcs of great circles, those 
through P cutting the equator Z’CZ# at Cand D respectively. 
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et @ = latitude of 4, 
AX = longitude of 4, 
¢’ = latitude of B, 
A = loneutuderot 2: 


ell given in degrees, minutes and seconds. 
Suppose ?£ to be the meridian from which the longitude is 
estimated. Then, from the figure, we have 
A= 206. Gi=-COd: 
=O = DOA. 
In the trihedral corresponding to 
ABP— 
ihedihedralate =A =A’. 
The face-angle AOP = 90° — ¢. 
Dhedtace-ancle OP = oo — ¢’. 


From these (§ 141) compute the face-angle AOZ in SeeTEES: 

Let & = 3963 English [or statute] miles. 

Gortind 44 in miles, it 1s only necessary to reduce 404 to 
radians, and multiply it by A. 


6 
— AOB ae 3963 = AOB X 69.167 +, 


180 
or AB = 694 X AOB in degrees. 


In the following examples the above value of the radius will 
be considered as given, and this formula may be used. 


Examples. 
1, Given, latitude of New York City 40° 43’ 48’.5 N. 
longitude of “ ee 73° 59 soz fGn\y 
latitude of Liverpool So 24 Age oN, 


longitude of ’ 2 00 O ae 
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Find the length of the arc of a great circle joining them [in 


statute miles]. Ans. 3309.5 statute miles. 
2. Given, latitude of Sandy Hook 40° 30’ N. 
longitude of “ u AS ee ANY 
latitude of Queenstown Gee Gey ING 
longitude of < §° ro’ W. 
Find the length [in statute miles] of the arc of a great circle 
joining them. Ais. 3139 05 statute miles. 
3. Given, latitude of Berlin 52 38 ats ane 
longitude of “ Pao peaks 
latitude of Washington BO 056 925) oe 
longitude of - “ oo ar Save 


Find the shortest distance [in statute miles] on the surface of 
the earth from Washington to Berlin. Ais; 4174, 0) Si akan 
4, lia ship satlsatom~ Boston, lat. 42° 22’ N. long@agn 9G avy 
starting due East, and continues her course on the’arce of a great 
circle, what will be her latitude when she reaches the meridian of 
Greenwich, and in what direction will she then be sailing? 
wis \ Lat. 16" 19’ a5 Ne 
(esol leg: sor Zone 
5. A ship sails from Valparaiso, Chili, lat. 33° 02’ S., long. 
71° 43’ W., starting in a northwesterly direction, and continues on 
the arc of a great circle. When she has travelled 3480 [statute] 
miles, what are her latitude and longitude? 
Lat. a ag eto. ae 
Long. 108° 6’ 59’ W. 
6. A ship sails from Rio Janeiro, Brazil, lat. 23° S., long. 43° 
W., andruns 5624.4 statute miles in a general northeasterly direc- 
tion on the arc of a great circle, when her latitude is found to be 
50° N. What is her longitude? so 3a" oun we 
7. A ship sails from San Francisco, Cal., lat. 37° 40’ N., 
long. 122° 20’ W.,in a general southwestward direction, on the arc 
of a great circle. When she has gone 2460 miles, her longitude 
is 160° W.; what is her latitude? Avs. 22° 37 20 N, 
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